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Abstract 

This paper is a collection of recent results on discrete-time and continuous-time 
branching random walks. Some results are new and others are known. Many aspects of 
this theory are considered: local, global and strong local survival, the existence of a pure 
global survival phase and the approximation of branching random walks by means of 
multitype contact processes or spatially confined branching random walks. Most results 
are obtained using a generating function approach: the probabilities of extinction are 
seen as fixed points of an infinite dimensional power series. Throughout this paper we 
provide many nontrivial examples and counterexamples. 
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1 Introduction 

Branching random walks can be considered as processes which simultaneously generalize 
the concepts of branching process and of random walk. A branching process is a very 
simple population model (introduced in [17]) where particles breed and die (independently 
of each other) according to some random law. At any time, this process is completely 
characterized by the total number of particles alive. Branching random walks (in short, 
BRWs) add space to this picture: particles live in a spatially structured environment and 
the reproduction law, which may depend on the location, not only tells how many children 
the particle has, but also where it places them. The state of the process, at any time, 
is thus described by the collection of the numbers of particles alive at x, where x varies 
among the possible sites. Although particles do not actually move, an observer would see 
a random movement of the population. Moreover if we identify every particle with one of 
its children (if there are any), then we may view the BRW as a system of random walkers 
which may disappear (i.e. the corresponding particle has no children) or split into two or 
more independent walkers (i.e. the corresponding particle has two or more children). 

The basic question that one answers studying the branching process is whether it sur- 
vives (i.e. with positive probability at any time there is someone alive); while the classical 
question for random walks is whether the walker returns (with positive probability or, equiv- 
alently, with probability one) infinitely many times to some fixed site. Transposed into BRW 
theory, the first question asks whether there is global survival, that is, with positive proba- 
bility at any time there is someone alive somewhere); while the second question deals with 
local survival, that is, with positive probability the process returns infinitely many times 
to some fixed site (this event, in contrast with the situation for random walks, may have 
probability one only in trivial examples). 

In the literature one can find BRWs both in continuous and discrete time. The continuous- 
time setting has been studied by many authors (see [22j [24J, [25l [29j [32] just to name a few). 
As we see in Section 12.21 in this case one studies a family of BRWs which depends on 
the choice of a parameter A. There are two (possibly coinciding) parameters of interest: 
X w < X s . If A < Xy] there is almost sure extinction, if X w < A < X s there is global but not 
local survival and if X s < A there is local and global survival (see for instance [36\ [38, 6, 7J). 
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The discrete-time case has been initially considered as a natural generalization of branch- 
ing processes (see [TJ [10l [HI Ell CG2 [20]), but, since every continuous-time BRW admits 
a discrete-time counterpart which has the same behavior, results in this setting naturally 
extend to continuous time. 

In recent years, there has been a growing interest about BRWs in random environment 
(see for instance [HJ H8j EEJ G7J GE1 [33]). This is an interesting subject that we do not 
discuss in this paper. 

Being at the crossroad between branching process and random walk theories, BRW 
theory benefits of the techniques of both fields (to be honest, there is a third road at 
this intersection, since BRWs can also be seen as interacting particle systems - although 
particles do not interact). Indeed, recalling that the probability of extinction of a branching 
process is the fixed point of a generating function associated to the offspring distribution, 
one can associate to the offspring distribution of the BRW a (possibly infinite-dimensional) 
generating function G (this is what we do in Section f2.5|) . Moreover it is possible to prove 
that the extinction probabilities of the BRW are fixed points of this generating function. 
This is a fundamental tool that we use in Section [H On the other hand some tools borrowed 
from random walk theory, such as generating functions of first return probabilities and 
superharmonic functions, are particularly useful in the no death case (that is, the case 
where every particle has at least one child). 

The paper is a collection of recent results on BRWs: some of them are already known, 
some are new and their proofs can be found in Section [6l A brief outline of the paper 
and of main results follows. The paper is divided into five main sections. Section [2] is 
a short technical introduction to the subject. There is a description of discrete-time and 
continuous-time BRWs (Sections 12.11 and 12.21 respectively). Classical processes as edge- 
breeding and site-breeding continuous-time BRWs are discussed and it is shown that, from 
the point of view of survival vs. extinction, the class of discrete-time BRWs extends the 
class of continuous-time BRWs. In Section [2.31 other models are presented along with their 
relation with BRWs. In Sections 12.41 and 12.51 two important tools are discussed: trails and 
generating functions. While the first one is more important from a theoretical point of 
view, the second one is repeatedly used to study the behavior of a BRW. In particular a 
maximum principle for solutions of certain inequalities involving these generating functions 
is proved. 

Section [3] presents two particular families of BRWs: .F-BRWs (Section 13. ip and BRWs 
with no death (Section I3.2() . The first class (which has been introduced in [42]), is a 
natural generalization of the classes of continuous-time BRWs on weighted J-"-graphs (see 
Proposition 4.5]) and on .F-multigraphs (see [U Definition 3.1]). This class contains quasi- 
transitive BRWs (for instance, edge-breeding continuous-time BRWs on quasi-transitive 
graphs) and BRWs which are locally isomorphic to branching processes (for instance, site- 
breeding continuous-time BRWs on regular graphs); nevertheless, as Example 13.31 shows, 
the class of .F-BRWs is strictly larger than the class of quasi-transitive BRWs even for edge- 
breeding continuous-time BRWs (see also Example 14. 25|) . As for BRWs with no death, which 
are a natural generalization of random walks, we note that even though they represent a 
limited subclass of BRWs, many results can be extended immediately to the general class 
of BRWs using a comparison introduced by Harris for branching processes (see [H Chapter 
1.12] and Section E2J . 
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Section [4] is devoted to the study of the behavior of BRWs (survival vs. extinction). In 
Section 14.11 the probabilities of survival are viewed as fixed points of an infinite-dimensional 
generating function. Local survival is completely characterized through the knowledge of the 
first-moment matrix M (Theorem 14. 3p . For global survival we give an equivalent condition 
in terms of the generating function G (Theorem 14. 7( 1 ) ) . In terms of M we can only provide 
an equivalent condition for .F-BRWs and a necessary one in the general case (Theorem 14. 9p . 
Example 14 . 1 5 1 shows that many conjectures about sufficient conditions for global survival are 
false. In continuous time, Corollary 14.51 identifies \ s and states almost sure local extinction 
at A = X s ; a characterization of through the existence of solutions of certain inequalities 
is given in Theorem 14.121 In the case of J-"-BRWs, Corollary 14.101 provides a more explicit 
expression for A^ (this expression is a lower bound in the general case), and states global 
extinction at A = X w . Example 14.131 shows that in the general case global survival is possible 
at X w . Clearly local survival implies global survival and the converse is false. When the two 
events coincide (and have positive probability) we say that there is strong local survival. 
Prop osit ion 14 . 1 9l claims that quasi-transitivity and local survival imply strong local survival; 
Theorem 14.211 characterizes strong local survival, generalizing \31\ Theorem 3.1] which was 
stated for the no death case. Examples 14.351 and 14.361 show that even when the BRW is 
locally isomorphic to a branching process (i.e. the reproduction law does not depend on 
the site) non-strong local survival is possible. Moreover Example 14.311 is an edge-breeding 
continuous-time BRW on a homogeneous tree with a loop where, for small and large values 
of A there is strong local survival while for intermediate values we have non-strong local 
survival. This shows that, unlike local and global survival, for strong local survival there 
is no monotonicity in A. Irreducibility guarantees that if there is local survival at some y 
(or global survival) starting from some xq, then there is local survival at any w (or global 
survival) starting from any x. Clearly the probabilities of global or local survival may depend 
on the staring point even in the irreducible case (see Example I4.18p . Example 14.41 shows 
that in the reducible case there can be local extinction at x starting from x for all x 6 X, 
but local survival at some y starting from some x ^ y; in addition, this example shows that 
in the reducible case it there might be global extinction starting from x but global survival 
starting from some y ^ x. Example 14.321 proves that, even in the irreducible case, if there 
are vertices where particles have at least one child almost surely, then it might happen 
that there is strong local survival starting from some vertex and non-strong local survival 
starting from other vertices. In Example 14.171 we find a BRW which survives globally even 
if the law at each site gives a branching process which dies out. The main tool that we use 
in many examples is the discussion in Remark 14.11 which relates the probability of visiting a 
subset A C X, the probability of local survival at A and the probability of global survival. 
Section 14.51 is devoted to pure global survival, that is when the process survives globally 
but not locally. For .F-BRWs the existence of a pure global survival phase is equivalent to 
nonamenability (Corollary I4.24p . Theorem 14.231 gives an equivalent condition on the first 
moment matrix M, in the general case, for nonamenability. Unfortunately, the existence of 
a pure global survival phase is not equivalent, in general, to nonamenability: Example 14.271 
shows that there exists an amenable edge-breeding, continuous-time BRW without pure 
global survival and, conversely, according to Example l4.28l there exists a nonamenable edge- 
breeding, continuous-time BRW with pure global survival. Theorem 14.291 gives a sufficient 
condition for no pure global survival of a continuous-time BRW. In Section T4.6I we treat the 
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special case where the reproduction law is independent of the site. 

In Section [5] the question of the approximation of a BRW is studied. In particular 
in Section 15.11 we obtain an approximation of a general BRW, which is not necessarily 
irreducible, by means of a sequence of spatially confined BRWs (Theorem 15 .2|) . This results 
is a corollary of a generalization of a theorem due to Sarymshakov and Seneta (see |3T|, 
Theorem 6.8]) which deals with nonnegative matrices (Theorem 15 . X [> . Here we obtain, as 
a particular case, that if we have a surviving process, then by confining it to a sufficiently 
large (possibly finite and not necessarily connected) proper subgraph the resulting BRW 
survives as well; this result was already known for irreducible BRWs confined to connected 
subgraphs. In Section 15.21 we study the approximation of the BRW with a sequence of 
truncated BRWs (which are, in fact, multitype contact processes). The key to obtain such 
a result is the comparison of our process with a suitable oriented percolation (as explained 
in [HJ H2] ) . The strategy is then applied to some classes of regular BRWs in discrete-time 
and continuous-time. 

In Section[6]all the proofs of new results can be found, along with some technical lemmas. 

2 Basic definitions and preliminaries 

2.1 Discrete-time Branching Random Walks 

We start with the construction of a generic discrete-time BRW {rynjneN ( see a ^ so U\ where 
it is called infinite-type branching process) on a set X which is at most countable; r] n (x) 
represents the number of particles alive at x at time n. To this aim we consider a family 
p = {Hx}xex of probability measures on the (countable) measurable space (Sx,2 Sx ) where 
Sx '■= {/ ■ X — > N : J2 y f(y) < °°}- To obtain generation n + 1 from generation n we 
proceed as follows: a particle at site x £ X lives one unit of time, then a function / 6 Sx 
is chosen at random according to the law p x and the original particle is replaced by f(y) 
particles at y, for all y E X; this is done independently for all particles of generation n. Note 
that the choice of / assigns simultaneously the total number of children and the location 
where they will live. We denote the BRW by the couple (X,p). 

Equivalently we could introduce the BRW by choosing the number of children and 
then their location. Indeed define % : Sx — > N as H(f) := Y^yeX f(v) which represents 
the total number of children associated to /. Denote by p x the measure on N defined 
by Px(') '■= Px{H~^ "(•))) tliis is the law of the random number of children of a particle 
living at x. For each particle, independently, we pick a number n at random, according 
to the law p x , and then we choose a function / € H (n) with probability p x (f)/p x (n) = 
Pxif)/ Ejew-ifn) MasG?) an d we replace the particle at x with f(y) particles at y (for all 
yeX). 

To be precise, to construct the process, pick a family {fi^ n ,x}i,n&n,x^x of independent 
5x-valued random variables such that, for every x £ X, {fi ;n ,x}i,neN have the common law 
fi x , and an initial state rjo such that Ylxex Vo(%) < +oo. The discrete-time BRW {?? n }neN 
is defined iteratively as follows 

Vn(v) oo j 

y&X i=l y£X j=0 i=l 
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Even though in this paper the initial state will always be deterministic, considering a random 
initial distribution Ylxex r /o(^) < +°o a.s., would not be a significant generalization. 

While in random walk theory a fundamental role is played by the transition matrix, 
in BRW theory a similar role is played by the first-moment matrix M = {rn xy ) Xi y & Xi 
where m xy := YlfeSx /C&O/^C/O * s * ne expected number of particles from x to y (that 
is, the expected number of children that a particle living at x sends to y). We suppose 
that sup xg j^ Y2 y ex m xy < +00; most of the results of this paper still hold without this 
hypothesis, nevertheless it allows us to avoid dealing with an infinite expected number of 
offsprings. Note that the expected number of children generated by a particle living at x is 
^2 ye x m xy = En>o n ^( n ) =: Ac- Given a function / defined on X we denote by Mf the 

function Mf(x) := J2 y ex m xyf{y) whenever the RHS makes sense. We denote by mhy the 
entries of the nth power matrix M n and we define 



M s (x,y) : = limsup \l nixy , M w (x) : = liminf J m^J, \/x,y G X. (2.2) 

From equation (12, ID . it is straightforward to prove that the expected number of par- 
ticles, starting from an initial state r/Q, satisfies the recurrence equation E^ (rj n+ i(x)) = 
J2yex m yx Er>0 (Vn(y)) hence 

E^( Vn (x)) = Y,m y n My)- 

y&X 

Remark 2.1. Note that a BRW can be seen as a random walk on N x (to be precise, on 
Sx N ), where is an absorbing state. If p x (0) > for all x G X then every state in 
Sx \ {0} is transient. Basically this is due to the fact that the probability of going into the 
state starting from a state n G Sx in one step is Y\ xe x Px(fy v ^ > 0; hence the probability 
of visiting infinitely often the state n without ending in the trap state is (for a formal 
proof in the case of a branching process see $20[ Theorem 6.2]). 

We introduce here some terminology borrowed from random walk and graph theory. In 
general our definitions extend the classical ones which apply to graphs in the following way: 
a discrete-time counterpart of an edge-breeding continuous-time BRW (see Section 12 . 2[) has 
the property V if and only if the underlying graph has the usual property V . The BRW 
(X, fi) is called non-oriented or symmetric if m xy = m yx for every x, y G X. (X, fi) is called 
nonamenable if and only if 

inf I ZxeS ^ C — ■ S C X, \S\ < 00 1 =: Hx ,») > 0, (2.3) 

and it is called amenable otherwise. The value t>(x,n) is called isoperimetric constant since 
in the case of a continuous-time, edge-breeding BRW (see the end of Section 12. 2ft this 
is the usual isoperimetric constant of the underlying multigraph and, in that case, the 
nonamenability of the BRW is equivalent to the nonamenability of the multigraph (see [61 
Section 3.3] for the definition). 
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For a generic discrete-time BRW, the set X is not a priori a graph; nevertheless, the 
family of probability measures, {^ x }x induces in a natural way a graph structure on X 
that we denote by (X,Ep) where := {(x,y) : m xy > 0} = {(x,y) : 3f G S x ,HxU) > 
0,f(y) > 0}. Roughly speaking, (x,y) is and edge if and only if a particle living at x can 
send a child at y with positive probability (from now on wpp). We say that there is a path 
from x to y, and we write x — > y, if it is possible to find a finite sequence {xj}™ =0 (where 
n G N) such that xq = x, x n = y and (xj, Xj+i) € i7u for all i = 0, . . . , n — 1. If x — > y and 
y — > x we write x ^ y. Observe that there is always a path of length from x to itself. 

We call the matrix M = (m xy ) X) y^x irreducible if and only if the graph (X, E^) is 
connected, otherwise we call it reducible. We denote by deg(x) the degree of a vertex x, that 
is, the cardinality of the set Af x '■= {y G X : (x, y) £ E^}. Note that if (X, fi) is non-oriented 
then the graph (X, E^) is non-oriented (that is, (x,y) G if and only if (y,x) G -E^). 

Definition 2.2. T/ie colony can survive in different ways: we say that the colony survives 
locally wpp at y G X starting from x G X if 

P^(limsupr ?n (y) > 0) > 0; 

n— >oo 

we say that it survives globally wpp starting from x if 

F Sx ( Vniw) > 0, Vn G Nj > 

(or, equivalently, F 5x (lim sup n _ >00 J2weX Vn(w) > 0). 

Let us define the probabilities of extinction q(x,y) := 1 — (lim sup n ^. 0O r] n (y) > 0) and 

q(x) := 1 — ¥ Sx ( Ylwex Vn(w) > 0, Vn G N^j . Following fTBjj . we say that the there is strong 
local survival wpp at y G X starting from x G X if 

q(x,y) = q{x) < 1. 

Finally we say that the BRW is in a pure global survival phase starting from x if 

q(x) < q(x, x) = 1. 

From now on when we talk about survival, "wpp" will be tacitly understood. Often we will 
say simply that local survival occurs "starting from x " or "at x ": in this case we mean that 
x = y. 

Roughly speaking, there is global survival if there are particles alive somewhere at all 
times wpp and there is local survival at y if there are particles alive at y at arbitrarily 
large times wpp. Strong local survival at y starting from x requires that the probability of 
local survival at y equals the probability of global survival starting from x and that they 
are both positive. Equivalently, there is strong survival at y starting from x if and only if 
the probability of local survival at y starting from x conditioned on global survival starting 
from x is 1. One can show that strong local survival implies that for almost all realizations 
the process either survives locally and globally or it goes extinct. The typical case (but not 
the only one) where there is global but no strong local survival is being in a pure global 
survival phase. 
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Clearly local survival at some y starting from x implies global survival starting from x, 
since q(x) < q(x, y) for all x,y £ X. It is easy to construct examples where q(x) < 1 = 
q(x,y) (see Section [4.5p . One may wonder whether it is possible to find examples of BRWs 
where q(x) < q(x,y) < 1; according to Examples 14.311 and 14.351 the answer is positive. 

We observe that if x — > y then local survival at x implies local survival at y starting 
from any w such that w — > x (q(w, y) < q(w, x) for all w 6 X). Analogously, if x — > y then 
global survival starting from y implies global survival starting from x (indeed q(x) < q(y)). 
Moreover if x — >• y, w — > w' and q(w',x) < 1 then q(w,y) < 1. In particular if x ^ y 
then local (resp. global) survival starting from x is equivalent to local (resp. global) survival 
starting from y. As a consequence, if M is irreducible then the process survives locally 
(resp. globally) at one vertex if and only if it survives locally (resp. globally) at every 
vertex. In this case q(x,y) = q(x,x) for all x,y £ X (see Section |4~T1 for details). Note that 
even if in the irreducible case one cannot guarantee that q(x, x) = q(y, y) or q(x) = q(y) 
when x ^ y (see for instance Example 14. 18j) . 

Assumption 2.3. We assume henceforth that for all x £ X there is a vertex y ^ x such 
that fJLy(f ■ Ylww^y f( w ) = 1) < 1; that is, in every equivalence class (with respect to 
there is at least one vertex where a particle can have inside the class a number of children 
different from one wpp. 

Remark 2.4. The previous assumption guarantees that the restriction of the BRW to an 
equivalence class is nonsingular (see [20, Definition 11.6.2]). There is a technical reason 
behind the previous assumption. The classical Galton-Watson branching process is a par- 
ticular BRW where X := {x} is a singleton and Sx and fj, x can be identified with N and a 
probability measure on N respectively. It is well-known that 

• */a*x(1) = 1 then m xx = 1 and there is survival with probability 1; 

• */a*x(1) < 1 then there is survival wpp if and only if m xx > 1, 

(see also Example \4-2\ ). Hence the condition m xx > 1 is equivalent to survival under As- 
sumption \2.3[ 

For a generic BRW, we call diffusion matrix the matrix P with entries p(x, y) = m xy /p x . 
Note that P is a stochastic matrix which defines a random walk on X, but it is not true in 
general that the offsprings are dispersed independently according to P. This last updating 
rule characterizes a particular, but meaningful, subclass of discrete-time processes that we 
call BRWs with independent diffusion: a particle at site x lives one unit of time and is 
replaced by a random number of children (with law p x ) which are dispersed independently 
on X, according to a stochastic matrix P. This rule is a particular case of the general one, 
since here one simply chooses 

M/)=fe ^/m R pix ' y)m ' yfeSx ' (2 ' 4) 

Clearly in this case the expected number of children at y of a particle living at x is 

m xy = p(x,y)p x . (2.5) 
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2.2 Continuous-time Branching Random Walks 

Continuous-time BRWs have been studied extensively by many authors; in this section we 
make use of a natural correspondence between continuous-time BRWs and discrete-time 
BRWs which preserves both local and global behaviors. 

In continuous time each particle has an exponentially distributed random lifetime with 
parameter 1. The breeding mechanisms can be regulated by means of a nonnegative matrix 
K = {k xy 

) x , y eX in such a way that for each particle at x, there is a clock with Exp(Xk xy )- 
distributed intervals (where A > 0), each time the clock rings the particle breeds in y. 
We say that the BRW has a death rate 1 and a reproduction rate \k xy from x to y. 
We observe (see Remark 12, 5|) that the assumption of a nonconstant death rate does not 
represent a significative generalization. We denote by (X, K) a family of continuous-time 
BRWs (depending on the parameter A > 0), while we use the notation (X, /i) for a discrete- 
time BRW. 

Equivalently, one can associate to each particle at x a clock with £'xp(AA;(x))-distributed 
intervals (k(x) = ^2 y k xy ): each time the clock rings the particle breeds and the offspring 
is placed at random according to a stochastic matrix P (where p(x,y) = k xy /k(x)). 

To a continuous-time BRW one can associate a discrete-time counterpart; here is the 
construction. The initial particles represent the generation of the discrete-time BRW; the 
generation n + 1 (for all n > 0) is obtained by considering the children of all particles of 
generation n (along with their positions). Clearly the progenies of the original continuous- 
time BRW and of its discrete-time counterpart are both finite (or both infinite) at the 
same time. Moreover, almost surely, the two processes have the same local and global 
behavior. In this sense the theory of continuous-time BRWs, as long as we are interested in 
the probability of survival (local, strong local and global), is a particular case of the theory 
of discrete-time BRWs. 

Elementary calculations show that each particle living at x, before dying, has a random 
number of offsprings given by equation (|2.4p where 

P ^ = TTWx) {iTm) ' p(x ' y) = (2 - 6) 

and this is the law of the discrete-time counterpart; note that the discrete-time counterpart 
of a continuous-time BRW is a BRW with independent diffusion. Note that p x depends 
only on Xk(x). Using equation (12.5p . it is straightforward to show that 

w^xy — Xk xy and 

p x = k(x). Note that, for a continuous-time BRW the first-moment matrix M equals XK. 
From equation (I2.6P we have that, for any A > 0, the discrete-time counterpart satisfies 
Assumption 12.31 

Remark 2.5. The same construction applies to continuous-time BRWs with a death rate 
d(x) > dependent on x £ X. In this case the discrete-time counterpart satisfies equa- 
tion (|2,4p where 

_ djx) ( \k{x) \ 1 _ k xy 

Px[Z) ~ d{x) + Xk(x) \d(x) + Xk{x) J ' P[Xl V) ~ k(x) " 

Hence, from the point of view of local and global survival, this process is equivalent to a 
continuous-time BRW with death rate 1 and reproduction rate Xk xy /d(x) from x to y. 
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All the definitions given in the previous section extend to the continuous-time case: a 
continuous-time BRW has a certain property if and only if its discrete-time counterpart has 
it. In particular, we observe that, for a continuous-time BRW, the isoperimetric constant 
defined in equation (|2,3p equals to \or x ,K) where t(x,K) is the constant when A = 1. Hence 
either the BRW is nonamenable for all A > or it is amenable for all A > 0. 

Given xq G X, two critical parameters are associated to the continuous-time BRW: the 
global (or weak) survival critical parameter X w (xo) and the local (or strong) survival critical 
parameter X s (xq). They are defined as 

X w (x ) := inf {A > : P*»o ( J] m (w) > O.Vt) > o}, 
X s (x ) := inf {A > : F 5x o (limsupr? t (^o) > 0) > 0}, 

t— >oo 

where is the configuration with no particles at all sites and ¥ Sx o is the law of the process 
which starts with one individual in xq. The process is called globally supercritical, critical 
or subcritical if A > X w , X = X w or A < X w ; an analogous definition is given for the local 
behavior using X s instead of X w . 

If the graph (X, E^) is connected (that is, the BRW is irreducible) then these values do 
not depend on the initial configuration, provided that this configuration is finite (that is, it 
has only a finite number of individuals) , nor on the choice of xq . If we have (X, K) and (1", K) 
such that Y C X and k xy > k xy for all x,y G Y then for all x G Y we have X^(x) < Xj (x) 
and A * (x) < A^(x). In particular we say that there exists a pure global survival phase 
starting from x if the interval (X w (x), X s (x)) is not empty; clearly, if A G (X w (x), X s (x)) 
then the BRW is in a pure global survival phase according to Definition 12.21 

Given a continuous-time BRW (X, K) we define the following two families of parameters 

K s (x,y) := limsup ykxf, , K w (x) := liminf JV^ fc™, \/x,y £ X, (2.7) 

V yex 

introduced in [61 [7] where they are called M s and M w . Note that supermultiplicative 
arguments imply that K s (x,x) = lim n (/ci'^ :r ' )r ^) 1// ' i ( x ) ri where d(x) := gcd{n > : vti'xx > 0} 
is the period of x G X (see [401 Definition 2.19]; hence, for all x G X, we have that 
K s (x,x) < K w (x). If the BRW is irreducible then K s (x,y) and K w (x) do not depend on 
x,y G X. 

Two special cases are particularly interesting in the continuous-time setting: site- 
breeding BRWs and edge-breeding BRWs. We say that a BRW is site-breeding if k(x) does 
not depend on x € X (cfr. Definition 13. ip : on one hand the number of children of a particle 
is independent of the site, on the other hand, clearly, the diffusion matrix P = (p(x, y)) x ,yex 
can be inhomogeneous. We say that a BRW is edge-breeding if X has a multigraph structure 
(see [HJ Section 2.1] for a formal definition) and k xy is the number of edges from x to y; 
in this case to each edge there corresponds a constant reproduction rate A. Thus the total 
reproduction rate for a particle living at x is A • deg(x) where deg(x) is the number of edges 
from x. The diffusion matrix P in this case is the transition matrix of the simple random 
walk on the underlying multigraph. Note that if the multigraph is regular (i.e. deg(:r) does 
not depend on x) then the edge-breeding BRW is site breeding. 
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2.3 Other dynamics 

We describe some slightly different dynamics which, in fact, have a natural discrete-time 
counterpart which has the same local and global behavior. 

Multitype BRWs has been studied by some authors (see for instance [26] ). In these 
processes there is a metapopulation which consists of individuals carrying a certain char- 
acteristic chosen among a family / of types. A particle of type i G I living at x G X 
generates a random number of children of any type which are randomly placed in X. More 
precisely, this can be seen as a discrete-time BRW where the space is X x I and the family 
of probability measures {fJ>x,i}xeX,iei are defined on Sxxi- Thus, a particle of type i living 
at x at the end of its lifetime dies and generates f(y,j) children of type j at y (for all 
y G X and j G I) with probability fJ, x ,i(f)- For the multitype BRW the global survival 
of the metapopulation (resp. the local survival of a fixed type) is equivalent to the global 
(resp. local) survival of the single-type BRW on X x /. On the other hand, the global 
survival of a fixed type iq is equivalent to the survival in the subset X x {zo}, while local 
survival at x of the metapopulation is equivalent to the survival on {x} x /. 

Time-dependent BRWs can be described similarly, if we have a time-dependent family 
of laws {fi x ,n}xex,n£N we can construct a BRW on X x N where, at the end of its lifetime, a 
particle at (x, n) dies and generates f{y) children at (y, n+1), for all j/6l, with probability 

We could define a continuous-time BRW where a particle living at x is endowed with 
a Poisson clock of parameter Xk(x); when this clock rings it picks a function / G Sx with 
probability n x {f) and reproduces accordingly. All particles reproduce a random number 
of times during their exponentially distributed (with mean 1) lifetime. This process has 
a discrete-time counterpart which can be constructed as in Section 12.21 In this case the 
discrete-time counterpart in general does not satisfy equation (|2.4H . 

Another definition of BRW, which is used by some authors (see for instance [23] or 
[41] ) is the following. Each particle moves according to a random walk on X. After a 
random number of steps it dies and is replaced by a random number of children, whose law 
may depend on the final position. Again this process has a natural counterpart: if in the 
original BRW a particle starts its life at x and dies at y giving birth to n children then 
in the discrete-time counterpart this particle does not move and, after one unit of time, it 
generates n children at y. Note that in terms of local and global survival these two processes 
are equivalent. 

2.4 Reproduction trails 

A fundamental tool which allows us to give an alternative construction of the BRW is the 
reproduction trail (see [36]). We fix an injective map (f>: XxXxZx'N— > N. Let the 
family {/i )rij x}igz,n>o,xgx be as in Section [27T1 and let r/o be the initial value. For any fixed 
realization of the process we call reproduction trail to (x,n) G X x N a sequence 

(x ,i , 1), (xi,ii, ji), . . . , (x n ,i n ,j n ) (2.8) 

such that x = x n , -r)o(x ) < io < 0, < ji < fi l _ u i-i, Xl _ 1 ( x i) and <K^-i, %l, U-i, ji) = H, 
where < I < n. The interpretation is the following: i n is the identification number of the 
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particle, which lives at x n at time n and is the j n -ih. offspring of its parent. The sequence 
{xo, xi, . . . , x n } is the path induced by the trail (sometimes, we say that the trail is based 
on this path). Given any element (xi,ii,ji) of the trail (j2.8j) . we say that the particle 
identified by i n is a descendant of generation n — I of the particle identified by %i and the 
trail joining them is (sfy,ij,jj), • • • , (x n ,i n ,j n ). We also say that the trail of the particle i n 
is a prolongation of the trail of the particle i\. 

Roughly speaking the trail represents the past history of each single particle back to its 
original ancestor, that is, the one living at time 0; we note that from the couple (n, i n ), 
since the map cp is injective, we can trace back the entire genealogy of the particle. The 
random variable rj n (x) can be alternatively defined as the number of reproduction trails to 
(x, n). This construction does not coincide with the one induced by the equation (|2.ip but 
the resulting processes have the same laws. 



2.5 Generating functions 

Later on we will need some generating functions, both 1-dimensional and infinite dimen- 
sional. Define T£ := Ej/eX m 5 and V& '■= T, Xl ,...,x n -ieX\{ y } m x Xl m xlX2 ■ ■ ■ m Xn _ iy (by 
definition ip X y := for all X). T™ is the expected number of particles alive at time 

(n) 

n when the initial state is a single particle at x. Roughly speaking, ip xy ' is the expected 
number of particles alive at y at time n when the initial state is just one particle at x and 
the process behaves like a BRW except that every particle reaching y at any time i < n 
is immediately killed (before breeding). In other words <p£y is the expected number of 
particles alive at y at time n whose trail did not hit any (y, i, k) with k < n. 

Let us consider the following family of 1-dimensional generating functions (depending 
on x, y G X), where A G C: 

oo oo 

T(x,y\X) := X>j#A», *(x,y|A) := X>S A " 

n=0 n=l 

To compare with random walk theory, T is the analog of the Green function (cfr. |40l Section 
l.C]) and $ is the analog of the generating function of the first-return probabilities (cfr. the 
function U of Section l.C]). It is easy to prove that F(x,x\\) = E ieN &(x, x\ A)* for all 
A > 0, hence 

r(x ' X,A) = l-<f(x,x\Xy VA G C : |A| < M s (x,x)-\ 

and we have that M s (x,x)~ l = max{A G R : <&(x,x\\) < 1} for all x G X. In particular 
<&(x,x\\) < 1 if and only if M s {x,x) < 1. The interpretation of T{x,y\l) is the expected 
value of the total number of descendants at y of a common ancestor living at x. On the 
other hand, &(x,y\l) is the expected number of descendants at y, of a common ancestor 
living at x, whose trails start from x and arrive at y for the first time. 

The classical approach to branching processes (see for instance [20]) makes use of the 
one-dimensional generating function of the offspring distribution p: G(z) = ^ neN p(n)z n , 
whose minimal fixed point is the probability of extinction (see also Example I4.2p . Inspired 
by this approach, we associate a generating function G : [0, 1]^ — > [0, 1] to the family 
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{l^x}xex which can be considered as an infinite dimensional power series (see also Section 
3]). More precisely, for all z G [0, 1} X the function G(z) G [0, l] x is defined as the following 
weighted sum of (finite) products 

G(z\x):= /**(/) II z ^) m - ( 2 - 9 ) 

fes x v&x 

Note that G is continuous with respect to the pointwise convergence topology of [0, l] x and 
nondecreasing with respect to the usual partial order of [0, 1} X (see [7J Sections 2 and 3] for 
further details). Moreover, G represents the 1-step reproductions; we denote by G^ the 
generating function associated to the n-step reproductions, which is inductively defined as 
G {n+l \z) = G^(G(z)). 

The generating function G can be explicitly computed in some cases: for instance, 
for a BRW with independent diffusion (i.e. if equation (I2.4p holds). Indeed in this case 
it is straightforward to show that G(z\x) = F x (Pz{x)) where F x (y) = Y^=oPx{ n )y n ls 
the generating function of the number of children and Pz(x) = Ylyex p( x i u) z {v) ls the 
transition operator of the corresponding random walk. In particular if p x (n) = ( \+p )" 
(for instance if we are dealing with the discrete-time counterpart of a continuous-time BRW, 
see equation (|2.6p ). we have G(z\x) = 1+ _ nhp^y\ ( see 13 Section 3.1]), that is, 

where l(x) := 1 for all x G X, the ratio is to be intended as coordinatewise and Mv was 
defined in Section [27T| in this case m xy is given by equation (12.5p . thus M = XK. 

The following proposition is a sort of maximum principle for the function (z — q)/(l — q) 
where G(z) > z (see Section l3~2|) . 



Proposition 2.6. Let z G [0, 1]^, z > q be a solution of the inequality G(z) > z. If q < 1 
and we define z := (z — q)/(l — q) (by definition z(x) := 1 for all x such that q(x) = 1) 
then for all x G X such that the set N x = {y : (x, y) G E^} is not empty, either z(y) = z(x) 
for all y G M x or there exists y G M x such that z{y) > z~(x) . In particular if z{x) = 1 then 
for all y G M x we have z{y) = 1. The same results hold if we take the set {y G X : x — > y} 
instead of M x . 

The proof, which makes use of some arguments of Section [321 can be found in Section [6l 
We observe that in a finite, final irreducible class (for instance if the BRW is irreducible 
and the set X is finite) then z is constant if z > q is a solution of G(z) > z. Since the 
probabilities of extinction {q(-,A)}Acx (see Section I3~T1 for the definition) are solutions of 
G(z) = z, Proposition 12.61 applies with z(-) = q(-,A) for all A C X. In this case z(x) 
can be interpreted as the probability of local extinction in A conditioned on global survival 
(starting from x). Note that if ^(0) = for all x G X (see Section [3.2p then q = and 
z = z. 

As an application, if we have an irreducible BRW on N where m xy > implies \x— y\ < 1 
we get the following behavior of the extinction probabilities: for all A C X, there exists 
xo G NU {+00} such that q(x,A) = q(0,A) for all x < xq and q(x,A) < q(x + 1,A) for all 
x > Xq. 
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Finally it is worth mentioning that for a BRW with independent diffusion the following 
generating function is very useful: 



tt, i s / ,Mz(x) 
H(z\x) := z(x)- — V- + 



l+p x 1 + Px 

While G is obtained by conditioning on the number of total children of a particle at the end 
of its life, in continuous time H can be obtained by conditioning on the first event (birth or 
death of a particle). By algebraic manipulation we have that, if G satisfies equation (|2.10p . 
then z = G(z) if and only if z = H(z). In particular, using the same arguments as in 
Section 14. 1\ we see that by means of H one can compute iteratively the probability of 
extinction before the nth event (either birth or death). 



3 Special processes 
3.1 J-BRWs 

Some results can be achieved if the BRW has some regularity; to this aim we introduce the 
concept of .F-BRW (see also [13 Definition 4.2]). 

Definition 3.1. We say that a BRW (X,p) is locally isomorphic to a BRW (Y, u) if there 
exists a surjective map g : X — >• Y such that 



v, 



,(*)(•) = H*{*g\')) (3-11) 



where Tr g : S x -> Sy is defined as n g (f)(y) = ^ €fl -i( B ) /(*) for all f e S x , V & Y . We 
say that (X, p) is a J--BRW if it is locally isomorphic to some BRW (Y, v) on a finite set 
Y. 

Clearly, if (X, p) is locally isomorphic to (Y, v) then 

G x {zog\ x ) = G Y (z\g(x)) (3.12) 
for all z € [0, 1] Y and x € X. Indeed ir g is surjective and 

G x (zog\ x ) = £ p x (f) II *(9&)) m = E E II %M) /H 

fes x wax hes Y /©rj^A) w&x 

= e e ^(/)n n ^ fH 

= E ^ 9 Hh)) H z(v) h ^ 
h&S Y veY 

= E v 9 ( x) (h)l[z(v) h W =Gy(z\g(x)). 

h&S Y vey 

By induction on n 

G^ +l \z o g) = G X (G$\z og)) = G X (GP(z) o g) = G Y (G^\z)) o g = G^ +l \z) o g, 
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whence 

G^\zog) = G^\z)og (3.13) 

for all n E N. We note that, since \i is uniquely determined by G, equation (|3.12p holds if 
and only if (X, fi) is locally isomorphic to (Y, v) and g is the map in Definition ^. 11 To see the 
"only if" part, define v by using equation (|3,lip (substitute v with v), then equation f)3. 12j) 
holds with G instead of Gy] thus G = Gy and this implies that equation (|3,11[) holds for v. 

Using equation f)3. 13j) and the fact that q = lim™-^ G^ (0) (see equation (|4.15p with 
A = X), it is possible to prove that there is global survival for (X, fx) starting from x if and 
only if there is global survival for (Y,u) starting from g{x) (see Theorem 4.3]). 

In particular note that the total offspring generating functions G(tl\x) satisfy Gx (tlx\%) = 
Gx(tly o g\x) = Gy(tly\g(x)), hence the offspring distribution of a particle at x behaving 
according to (X, /i) is the same of the offspring distribution of a particle at g(x) behaving 
according to (Y, v) . 

If (X, fj.) is locally isomorphic to a BRW (Y, v) where Y is a singleton (equivalently, if 
the law of the total number of children p x does not depend on x E X) then we say that 
the BRW is locally isomorphic to a branching process (this case is discussed in details in 
Section SS]). 

It is easy to prove that ^2 weX m xw v ( x ) = dl^xil — (l — t)v\x)\t=i for all x E X and v E 
[0, 1} X , hence, using equation (|3T3|), we have Y^weX m xw z {ai x )) = J2 y eY m ^(x) y z (y)> for a11 
x € X and z E [0, l] y . This, in turn, implies that J2weX "^"^(jW) = J2 y eY m ^<^ z (y) 
for all n E N. In particular, when n = 1 and z = 1 we have p x = Pgf x y 

In continuous time (see [7j) we say that (X, K) is locally isomorphic to (Y,K) if and 
only if there exists a surjective map g : X — > Y such that Y^zeg- 1 (y) ^ xz = ^ g (x)y f° r an 
x E X and y E Y. We observe that (X, K) is locally isomorphic to (1", K) if and only if 
the discrete-time counterparts satisfy Definition I3.lt this can easily be checked by proving 
that the equation (I3.12p holds when Gx and Gy satisfy equation (I2.10p . Note that a 
continuous-time BRW is site-breeding if and only if it is locally isomorphic to a branching 
process. On the other hand a continuous-time, edge-breeding BRW is locally isomorphic to 
another edge-breeding BRW if and only if the underlying multigraphs satisfy [6, Definition 
3.1]. 

Definition 3.2. Let 7 : X — >• X be an infective map. We say that fj, = {n x }xex is 
^-invariant if for all x,y E X and f E Sx we have fj, x {f) = lJ"-j(x){f 7 X )- 

Moreover (X, p) is quasi transitive if and only if there exists a finite subset Xq C X 
such that for all x E X there exists a bijective map 7 : X — > X and xq E Xq satisfying 
j(xq) = x and jj, is ^-invariant. 

The previous definition generalizes the usual one (which applies to graphs) in the fol- 
lowing way: a discrete-time counterpart of an edge-breeding continuous-time BRW is quasi 
transitive if and only if the underlying graph is quasi transitive (that is, the action of the 
group of automorphisms has only finitely many orbits). 

We note that every quasi-transitive BRW is an .F-BRW. Indeed, consider the equivalence 
relation x ~ y if and only if there exists a bijective map 7 : X — > X such that j(x) = y. 
Clearly if Y := Xj ^ then jfY < #Xq. Let g be the usual projection from X onto Xj ^ and 



15 



Figure 1: The regular graph of Exam- 
plelX31 



Figure 2: The graph X of Example WT!\ 



Figure 1: 



u g(x){') := fi-xi^g We have to show that the last definition is well-posed. Note that if 

\i is 7 invariant then g = g o 7 which implies vr g (/) = n g0 j(f) = %(/ 7 1 ); indeed 

**(/)(v) = E /(*) = E /(*) = E /(7- x (*)) 

whence for all h £ Sy 

Vx{K~ l {h)) = n 7 ( x )({f o 7" 1 : 7r g (/) = /i}) 

= %({/ ° 7 _1 : %(/ o 7 _1 ) = M) = ^g\h)). 

The class of J-~-BRWs is strictly larger than the class of quasi-transitive BRWs. An example 
is given by the BRW described in Example 14.351 Another one is the following (a further 
example can be found in [6,, Example 3.2]). 

Example 3.3. Example 3.1] Take a square and attach to every vertex a branch of 
a homogeneous tree of degree 3, obtaining a regular graph ( of degree 3 ) which is not quasi 
transitive (see FigureU^). If we attach now to each vertex a new edge with a new endpoint 
we obtain a non-oriented, nonamenable T-graph {X,E{X)) (see [6, Definition 3.1]) which 
is neither regular nor quasi transitive. It is easily seen (see Lemma 3.2]) to be locally 
isomorphic to a multigraph with adjacency matrix 



N 



3 1 
1 



The corresponding continuous-time, edge-breeding BRW is an T-BRW which is defined on 
a (nonamenable) multigraph which is neither regular nor quasi transitive (thus, the process 
is not quasi transitive). 
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3.2 BRWs with and without death: a comparison 

Some authors (see for instance [HI [TBI [261 ESI [M] and some results of [31] ) have extensively 
studied the special case where fj, x (Q) = for all x G X or, that is the same, p x (Q) = for 
all x G X. We call this kind of process a BRW with no death; to be honest, in the usual 
interpretation each particle still dies but it has at least one descendant almost surely. On 
the other hand one can think that particles never die (in this case, p x (n) must be interpreted 
as the probability of having n — 1 children). We stick with the first interpretation. 

Being the global survival trivial in this case, it is interesting to explore the local behavior 
of the BRW. This situation is the closest one to the random walk theory. In particular, the 
process can become extinct locally at x with probability one (some authors call the process 
transient in this case) or survive locally with positive probability. While in the general 
situation the colony cannot always survive with probability one (if p x (0) > the process 
starting from x might die at the first step), a BRW with no death can survive locally at 
x either with probability one (strong local survival or recurrent BRW) or with a strictly 
positive probability different from one (weakly recurrent BRW). 

In this section we want to discuss how we may interpret results on BRWs with no death 
in the general case. The first idea, which was introduced by Harris in the case of a branching 
process (see for instance [19] or [TJ Chapter 1.12]), is to condition on global survival. It is 
clear that a generic BRW, such that q(x) < 1 for all iEl, conditioned on global survival is 
not a BRW with no death (it is not even a BRW). Indeed, for the conditioned process, the 
behaviors of different particles of the same generation are not independent: the probability 
of dying without breeding is strictly positive but the probability that all particles in the 
same generation die out without breeding is 0. Nevertheless it is possible to associate to a 
generic irreducible BRW, with a fixed starting configuration, a BRW with no death. Given a 
generic irreducible BRW {?] n }neN consider the event fioo = {Y^xex Vn(x) > 0, Vn G N} and 
define the process {?7n}neN as follows: rj n (x,u) equals the number of particles in rj n (x,uj) 
with an infinite line of descent when u G £1^ and it equals when oo O,^. It can be 
shown that this process, restricted to fl^ is a BRW (that we call again {rjn}nen) and its 
generating function is 

g = G(v(z)\x) -q(x) 
1 - q(x) 

where q(x) is the probability of global extinction starting from x G X (see Sections 12.11 
and 14. ip . G is the generating function of the original BRW and v : [0, 1]^ — > [0, 1]^ is 
defined as v(z\x) := q(x) + z(x)(l — q(x)). In a more compact way equation (|3.14p can 
be written as G = T^ 1 o G o Tq where T w : [0, l] x — > {z G [0, 1]^ : w < z} is defined as 
T w z(x) := z(x)(l — w(x)) + w(x); note that T w is nondecreasing and, if w(x) < 1 for all 
x G X, bijective. More explicitly 

d(z\x)= £ Mf)\\^y) f[v \ 

fes x y^x 

j ^(9) Ylyex (Jgj) q(y) 9(y) - m (1 " Q(v)) fiy) 



where p x {f) = < 



1 - q(x) 

if / = 0. 
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Indeed {r/n}neN is a Markov process and if we consider the offsprings of a particle living 
at x at some time n, then its reproduction law conditioned on the global survival of the 
process and on having an infinite line of descent is equal to the reproduction law of an initial 
particle at y conditioned on A x , that is 



= f\A* 







/>o 
f = o 



where A x is the event that there is global survival (i.e. the first particle has an infinite line 
of descent) starting from one particle at x £ X (clearly F(A X ) = 1 — <j(x))- Hence, if / > 0, 



1 - q(x) 



geS x :g>f y€Y 
This implies that 

G(z\x)= £ nV = f\A x )\{z{y)f^ 



g(y)-f(y) 



fes x y&Y 



g£S X -g>0 



q(x) ^— ' V f(v) 



f(y)q(yy(y)-.f(y) 



E i 



g eS x --g>o 

1 

1 - q(x) 



q(x 

[G{T^z\x)-G{q\x)\ 



\{{T q z(y))^ -\{q{y)^) 

y& y&Y 

r G{T q z\x) - q(x)] . 



J(x) 



It can be shown, following [T], that many results about survival are true for {r] n } ne fq if 
and only if they are true for {fj n } n ^. Proving this equivalence in details goes beyond the 
purpose of this paper. Nevertheless we observe that, if q < 1 then Tq is a bijective map 
from the set of fixed points of G to the set of fixed points of G. Moreover, since {?7n}neN 
is obtained by {r? n }neN by removing all the particles with finite progeny, which are clearly 
irrelevant in view of the survival due to the fact that q(x) < 1 for all x E X, we have 
immediately that the probability of local survival of {rj n }n&n m A (for all A C X), starting 
from x is equal to the same probability for {r] n } n€ ^, that is, q(x, A), In particular the 
probability of local survival at A starting from x conditioned on A x is 1 — (Tq 1 q(-,A))(x) = 
(l-q(x,A))/(l-q(x))^ 

We call the process {ry n }ngN conditioned on A x the no-death BRW associated to {r] n } n ^n 
starting from x 6 X. 



4 Survival 

4.1 Probabilities of extinction 

Define q n (x,A) as the probability of extinction before generation n + 1 in A starting with 
one particle at x, namely q n (x,A) = F(rjk(x) = 0, Vfe > n + 1, Vx G A). It is clear that 
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{q n (x, A)}n£^ is a nondecreasing sequence satisfying 



q n (;A) = G(q n ^(;A)) 
q (x,A) = 0, 



Vre > 1 



Vx G A 



(4.15) 



hence there is a limit q(x, A) = linin^oo q n (x, A) G [0, 1] which is the probability of local 
extinction in A starting with one particle at x. Note that equation ()4.15j) defines completely 
the sequence {q n (-, A)} nl =fq only when A = X (otherwise one needs the values qo(x,A) for 
x ^4). Since G is continuous we have that q(-,A) = G(q(-,A)), hence these probabilities 
are fixed points of G (and Proposition 12.61 applies). Note that (?(-,0) = 1, q(-,X) = q(-) 
and q(-,{y}) = q{-,y) (see Definition I2.2|) . It can be shown (see [7J Corollary 2.2]) that q is 
the smallest fixed point of G{z) in [0, l] x , since it is q = linin-^oo G^ n \0). Using the same 
arguments, one can prove that q is the smallest fixed point of G^ for all m G N. 

Note that iCB implies q(-,A) > q(-,B). In particular, q(-,y) > q for all y G X. Since 
for all finite A C X we have q(x,A) > 1 — YlyeA^ — l{ x ^v)) then, for any given finite 
iCI, q[x, A) = 1 if and only if q(x, y) = 1 for all y £ A. 

Moreover, given a BRW (X, /i) and Y C. X, consider (Y, z^) obtained by killing all 
particles outside Y; in this case q x (x, A) < q Y (x, A) for all x G Y, A C Y. 

If x — t- x' and ACI then ^(x', ^4) < 1 implies g(x, ^4) < 1; as a consequence, if x ^ x' 
and y ^ y' then g(x, ^4) < 1 if and only if q(x',A) < 1 and q(x,y) = q(x,y'). In the 
irreducible case q(x, A) < 1 for some x G X if and only if q(w, A) < 1 for all to £ I; 
in particular g(x) < 1 for some x G X if and only if q(w) < 1 for all w G X. Moreover 
q(x, A) < 1 for some x G X and a finite A C X if and only if q(w, B) < 1 for all w G X 
and all finite BOX. Indeed, in the irreducible case, one can prove that q(x, A) = q(x, x) 
for all x G X and every finite A C X: since surviving in a finite subset A is equivalent to 
surviving in at least one of its points, then it is enough to prove it in the case A := {y} for 
y G X; in this case the conclusion follows from a Borel-Cantelli argument. 

In the irreducible case, if p x {0) > for all x G X, we have that q(x) = q(x,A) for some 
x G X and a finite subset A C. X if and only if q{y) = q(y, B) for all y G X and all finite 
subsets B C. X. Indeed, if q(x) = 1 then q(y, B) = 1 for all y G X and B C X and there is 
nothing to prove. Suppose that q(x) = q(x, A) < 1 and g(y) < g(y, B) for some x, y G X 
and 4,B C I finite. By irreducibility q(x,A) = q(x,x) = q(x,B) hence we can assume 
that A = B. We know that there is a positive probability that the process, starting from x 
has at least one descendant at y. There is also a positive probability that all the particles 
(except one at y) die out and the progeny of the surviving particle survives globally but 
not locally at A. Thus, there is a positive probability, starting from x, of surviving globally 
but not locally at A and this is a contradiction. Observe that if we drop the assumption 
p x (0) > for all x £ X, we might actually have q(x) = q(x, A) < 1 and q(y) < q(y, A) for 
some x, y G X and a finite ACI (see Example I4.32p . 

Remark 4.1. We observe that the following assertions are equivalent for every nonempty 
subset ACI. 

(1) q(x, A) = q(x), for all x G X; 

(2) q (x, A) < q(x), for all x G X; 
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(3) the probability of visiting A at least once starting from x is larger than the probability 
of global survival starting from x, for all x G X : 

(4) for all x £ X , either q(x) = 1 or the probability of visiting A at least once starting from 
x conditioned on global survival starting from x is 1 (strong local survival in A starting 
from x ); 

(5) for all x £ X, either q(x) = 1 or the probability of local survival in A starting from x 
conditioned on global survival starting from x is 1. 

Indeed, since {q n (-, ^4)}ngN is non decreasing, q n (-,A) = G(q n -i(-, A)) and q is the 
smallest fixed point of G, we have immediately that 

q(.,A) = q(-)^q (;A)<q(-), (4.16) 

that is, (1)*^=>(2). Moreover the event "local survival in A starting from x" implies both 
"global survival starting from x" and "visiting A at least once starting from x", hence 
q(x, A) = q(x) if and only if the probability of visiting A infinitely many times starting 
from x conditioned on global survival is 1 and (l)^^-(5)=>(4)- Trivially (2)<t=?(3) and 
(4)^^(3). This proves the equivalence. 

Hence if there exists x G X such that q(x, A) > q(x) (that is, there is a positive probability 
of global survival and nonlocal survival in A starting from x ) then there exists y G X such 
that qo(y,A) > q(y) (that is, there is a positive probability that the colony survives globally 
starting from y without ever visiting A). Of course, qo(x, A) > q(x) implies q(x,A) > q(x) 
but the converse is not true. In particular for a BRW with no death there is strong local 
survival in A starting from x for all x G X if and only if the probability of visiting A is 1 
starting from every vertex. This is the BRW counterpart of an analogous result in random 
walk theory; a vertex x is transient if and only if there exists a vertex y such that with 
positive probability the walker never visits x starting from y. 

We note that, a priori, there is not an order relation between the events "visiting A at 
least once starting from x" and "global survival starting from x". Nevertheless if, for all 
x G X, the probability of "visiting A at least once starting from x " is larger or equal to the 
probability of "global survival starting from x" then, using equation (|4.16p . we have that the 
probability of "global survival starting from x never visiting A" is 0. 

An application of the previous remark to the construction of a BRW which survives 
globally and locally, but not strong locally, is given in Example 14,311 

If G has only one fixed point z < 1 then q(-,y) = 1 or q(-,y) = q(-). More precisely, 
if one can prove that q(-,y) < 1 then q(-,y) = q{-,A) = q(-) for all A B y. In this case, 
global survival starting from x (i.e. q(x) < 1) is equivalent to local survival at y starting 
from x and it implies strong local survival at y starting from x. If for some y G X we have 
q(-,y) = q then the global survival starting from x implies the strong local survival at y 
starting from x. 

If equation (|2.4p holds and p(n) = ^ ( ^ ) n , we have that the survival probability 
in A, va '■= 1 — q(-,A), satisfies the equality Mva = va/(1 — va) (see equation (|2.10p ). In 
particular in the continuous-time case we have XKva = v a/(1 ~ v a)- 
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Example 4.2. In the case of a Galton-Watson branching process, the generating function 
is G{z) = X^neN A t ( n )- 2;ri an d its smallest fixed point q G [0, 1] satisfies q < 1 if and only if 
1 < 4^G(z)\ z =i = SneN n ^( n ) = mxx ( c f r - Assumption \2.3[ and Remark \2.4\ ) ■ 

If we are dealing with a continuous-time branching process with reproduction rate \k xx 
then G{z) = 1/(1 + \k xx {\ — z)) and q = min(l, 1/Xk xx )- We see that, according to the 
general case, q < 1 if and only if Xk xx > 1 . 

4.2 Local survival 

The fact that there is local survival or not, depends only on the first-moment matrix M. 
Indeed we have the following characterization which contains [42, Theorem 4.1] (some hints 
about the proof can be found in Section [6]). We note that the following result still holds 
without the hypothesis sup^g^ ^2 y& x m xy < +°°- 

Theorem 4.3. Let (X, //) be a BRW. 

(1) There is local survival starting from x if and only if M s (x,x) > 1. 

(2) If sup w£ X:x-¥w-¥y M s (w, w) > 1 then there is local survival at y starting from x. More- 
over if the cardinality of w £ X : £ — )• w — )• y is finite (for instance if X is finite ) the 
converse is true. 

We recall that a useful characterization M s (x,x) = (max{A G R : $>(x,x\\) < 1})~ was 
given in Section [2.51 Clearly, since t \— > x\t) is left continuous and strictly increasing, 
M s (x,x) > 1 if and only if &(x, x\l) > 1, which is another condition equivalent to local 
survival at x. Note that M s (x,x) depends only on the values {m wy } Wty ^± x . Thus the BRW 
survives locally at x if and only if it does so when restricted to the irreducibility class of x. 
If the BRW is irreducible then M s (x, x) = M s (w, y) for all x,w,y £ X; hence there is local 
survival at y starting from x if and only if M s (w,w) > 1 for some w G X (equivalently, for 
all w G X). 

To compare with random walk theory, the reader might recall the definition of spectral 
radius of a random walk on X with transition matrix P as 1/ lim sup^^^ \Jp( n \x, x) (see 
the discussion after Proposition 14,331 and [40l Section 2.C]). If lim sup n __ i>00 y/p^(x, x) < 
1 then the random walk is transient, i.e. it returns to x a finite number of times al- 
most surely (where p^ n \x,x) are the ra-step return probabilities); on the other hand if 
limsupy^oo y / p( ri )(x, x) = 1 then the process may be either recurrent or transient. We 
observe that, while for a random walk the probability of returning to a site infinitely many 
times obeys a 0-1 law, a BRW can survive locally with any probability in [0, 1]. Of course, 
survival with probability one is possible only in the no-death case. 

We show that the sufficient condition s\xp we x-.x-+w-ty M s (w, w) > 1 stated in Theo- 
rem [43] is not necessary in the reducible case when the cardinality of X is infinite. 

Example 4.4. Let X := N x {0, 1} (see Figure^), fix p > 1/2 and consider the BRW with 
the following reproduction rules: 

(a) every particle at (i,0) has 2 children at (i + 1,0) and 1 child at (i, 1) with probability p 
and no children with probability 1 — p (for all i G N); 
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Figure 1: The graph N X {(), 1} of Examplc EHn 



Figure 2: The graph of Example 14.281 
(the circles arc loops). 



Figure 2: 



(b) every particle at (i, 1) has 2 children at (i — 1, 1) with probability p and no children with 
probability 1 — p (for all i > 1 ); 

(c) every particle at (0,1) has 1 child at (0,1) with probability p and no children with 
probability 1 — p. 



Clearly lim sup n _ i>00 y rriww = for all Nevertheless, there is local survival at (i, 1) 

for all i € N starting from (j,0) for any fixed j G N (note that there is no local survival at 
any (i,0) for every starting point). 

It is worth noting that if [x], the irreducible class of x £ X, is finite, then M s (x,x) is 
the Perron-Frobenius eigenvalue of the submatrix M' := (jnyz)y,ze\x] . In this case there is 
local survival at x if and only if max{t > : 3v ^ 0, M'v = tv} > 1. 

In the case of continuous-time BRWs with rates {Xk xy } X} y£x one is also interested in 
the characterization of the local critical parameter X s (x). Moreover one may also wonder 
whether at A = X s (x) there is survival or extinction. We already observed that the behavior 
of the continuous-time BRW is equivalent to the behavior of its discrete-time counterpart 
(that is, the BRW with independent diffusion where {[i x } X £X is given by equations (|2.4p 
and (|2.6p ) . If we apply Theorem 14.31 then we obtain the following corollary, which gives the 
strong critical value and states that at the local critical value there is local extinction a.s. 

Corollary 4.5. [7, Theorems ^.1 and 4-V Given a continuous-time BRW (X,K), 



X s (x) = 1/K s (x,x) = 1/ lim supjj^oo y kix ■ If X = X s (x) then there is local extinction at 
x. 

It is worth mentioning that, for a edge-breeding, irreducible BRW the critical value X s 
(not depending on x) was already identified in [36^ Lemma 3.1], even though the critical 
behavior was not known. 

Another result about local survival, in the context of irreducible BRWs with no death, 
is the following which relies on the existence of positive superharmonic functions; this one 
has a well-known counterpart in the random walk theory (see [40 \ Theorem 6.21]). 
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Theorem 4.6. [33l Theorem 2.1] Let (X,fi) be an irreducible BRW such that p x (0) = 
for all x £ X. There is local extinction if and only if there exists a strictly positive function 
f on X such that Mf < f. 

The proof of the previous theorem is inspired by the proof of Theorem 14. 211 Note that in 
the irreducible case with no death, one can obtain Theorem 14.31 directly from Theorem 14.61 
Indeed, see [391 Section 7. A], M s = min{t > : 3f : X -)• (0,+oo), Mf < tf} (remember 
that in the irreducible case M s (x, y) does not depend on x, y G X). 

4.3 Global survival 

The classical approach to estimate the probability of extinction of a branching process uses 
the fact that this probability is the minimal fixed point in [0, 1] of the generating function 
of the law of the number of children. Theorem 14.71 extends this approach to BRWs; indeed 
in this case the vector of global extinction probability q G [0, l] x is the smallest fixed 
point of the infinite dimensional generating function G (see Section f4 . 1 j) . Global survival is 
equivalent to the existence of a fixed point of G strictly smaller than 1. We remark here 
that given v,w G [0, l] x by v < w we mean, as usual, that v < w and v ^ w, that is 
v{x) < w(x) for all x £ X and v(xq) < w(xq) for some xq G X. Theorem 14.71 gives an 
equivalent condition for global survival and a necessary one. 

Theorem 4.7. [42, Theorem 4-1] Let (X,fx) be a discrete-time BRW. 

(1) There is global survival starting from x if and only if there exists z G [0, 1] , z(x) < 1, 
such that G{z\y) < z{y), for all y G X (equivalently, such that G(z\y) = z(y), for all 
y€X). 

(2) If there is global survival starting from x, then there exists v G [0,1] , v(x) > 0, such 
that Mv > v. Moreover, for all y, Mv(y) = v(y) if and only if G(l — (1 — t)v\y) = 

i-(i-tMiO,vt€[o,i]. 

It is easy to show (see for instance Section 3]) that the first condition implies that 
q < z < 1, that is, z is an upper bound for the probabilities of global extinction. As for 
the second condition, one has that if q < 1 then taking v = 1 — q (the probabilities of 
global survival) one obtains the inequality Mv > v. This is the analog for a BRW of the 
well-known result which states that a branching process survives if and only if the expected 
number of children is strictly larger than one. Nevertheless, for a BRW, even if we prove 
that Mv(y) > v(y) for all y G X and some v ^ this does not suffice for global survival: a 
counterexample is given by Example 14.161 

In particular cases we can characterize global survival in terms of M: the following 
corollary follows easily from Theorem I4.7l fl) and equation (|2.10p by taking z = 1 — v. 

Corollary 4.8. Suppose that the generating function of (X, /i) satisfies equation (I2.10P (for 
instance, if(X,fj,) is a BRW with independent diffusion where p x (n) = ) n ) then 

there is global survival starting from x G X if and only if there exists v G [0, l] x , v(x) > 
such that 

Mv > v/(l — v), (equivalently, Mv = v/(l — v)) 
(where the ratio is taken coordinatewise) . 



23 



Observe that the solution v in the previous corollary provides a lower bound for the 
probabilities of global survival 1 — q; moreover, among all the solutions of either equations, 
the largest one is 1 — q. 

Now we notice that in order to characterize local survival we studied the behavior of 

(n) 

the expected number of n-th generation offsprings coming back to x, that is m xx , see 
Theorem 14.31 For the global survival problem, we are naturally lead to investigate the 
behavior of the expected number of n-th generation offsprings whose ancestor is a single 
particle at x, that is Yl y m xy- First of all, observe that it is easy to show, by using 
supermultiplicative arguments, that M w (x) > M s (x,x). moreover, for an irreducible BRW, 
M w (x) does not depend on x G X. 

A complete description of global survival in terms of M w (x) is not possible in general 
(we have a necessary condition); indeed Example 14.161 shows that global survival does not 
depend on M alone. Nevertheless, a characterization of global survival by means of M w (x) 
holds for the class of J-"-BRWs. 

Theorem 4.9. \42[ Theorems 4-1 and 4-3] Let (X,/j.) be a discrete-time BRW. 

(1) If there is global survival starting from x, then M w {x) > 1. 

(2) If (X,n) is an T-BRW then there is global survival for (X,/j>) starting from x if and 
only if M w (x) > 1. 

We already observed that if the BRW is irreducible then q < 1 implies q{x) < 1 for 
all x £ X; Example 14.41 shows that in the reducible case it might happen that q < 1 and 
q(x) = 1 for some x £ X. 

In the case of continuous-time BRWs, one is interested in identifying \ w (x) and the 
behavior of the process when A = \ w (x). The following result is a corollary of Theorems 14. 71 
and 14.91 It characterizes X w (x) in the case of J-'-BRWs and gives a lower bound in the 
general case. 

Corollary 4.10. /7, Theorems 4-3 and 4-8, Proposition 4-5] Consider a continuous- 
time BRW (X, K). 

(1) X w (x) > l/K w (x) = l/liminf ngN y/YlyeX k *v '■ 

(2) If {X,n) is an T-BRW then X w (x) = 1/K w (x). Moreover, if A = X w (x) then there is 
global extinction starting from x. 

(3) Suppose that for ally € X there exists x € X such that x — > y. If there is global survival 
starting from x, then there exists v G [0, 1] , v(x) > 0, such that XKv > v. 

Note the difference between Theorem l4.7( 2) and Corollary 14. 10l f3) : in the second case we 
have the strict inequality Mv = XKv > v. As a consequence of the previous corollary we can 
compute the global critical value for two frequently used classes of continuous-time BRWs 
which are locally isomorphic to a branching process: for a site-breeding BRW X w (x) = 1/k 
for all x £ X (where k(x) = k for all x £ X), while for an edge-breeding BRW on a regular 
graph of degree d we have that X w (x) = 1/d for all x £ X. 
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Remark 4.11. Consider a BRW (X,fx) where X is finite. Following [1, Remark 4-4] one 
can prove that M w (x) = max w:x -> w M s (w, w); remember that global survival starting from x 
is equivalent to global (hence local) survival in some class (hence at some point w) since X 
is finite. For a continuous-time BRW, this means that K w {x) = m&x w:x ^ w K s (w, w) and 
hence \ w (x) — miiti w:x ^ w A s (i^). If the BRW is finite and irreducible then there is only one 
class of irreducibility and the previous results hold without max and min. 

Still in the case of continuous-time BRWs, we have a characterization of X w (x), which 
makes use of the existence of a solution of certain systems of inequalities. 

Theorem 4.12. /7, Theorem 4-2] Let (X,K) be a continuous-time BRW and let 

(1) For any fixed A > there is global survival starting from x £ X if and only if there 
exists a solution v G [0, l] x of the inequality XKv > v/(l — v) such that v{x) > 0. 

(2) If X < X w (x) and v G [0, l] x is such that XKv > v/(l — v) then mf y . x ^ y v ^ >Q v(y) = 0. 
(3) 

X w {x) = inf{A G M : 3v G l°£(X),v(x) > such that XKv > v/(l - v)}. 
(4) For all n G N, n> 1 we have 

X w {x) = inf{A G E : 3v G lf(X),v(x) > such that X n K n v > v}. 

We note that, by taking n = 1 in Theorem 14. 12f 4) . we have that X w (x) = inf{r^-(v) : 

v G l°°(X),v(x) = 1} where rx(v) is the lower Collatz-Wielandt number of v (see [15] . |16j 

and |30j). In particular, according to Theorem 14.12( 4). wc have that for a continuous-time 
BRW 

X w {x) = inf{A > : 3v G l^{X),v(x) > such that XKv > v} 
= inf{A > : 3v G l+(X), v(x) > such that XKv = v} 

while, according to Theorem 14.61 if the BRW is irreducible, 

X s := max{A > : 3v > such that XKv < v}. 

Finally, we know that a continuous-time BRW dies out locally at x when A = X s (x) 
(see Theorem 14.3ft . Theorem 14.12( 2) states that the vector of probabilities of survival v of 
a generic BRW at the critical point X w (x) if it is not equal to it satisfies mf y< ^x v{y) = 0. 
This proves immediately that an irreducible J-"-BRW dies out globally when A = A„, (which 
is independent of x G X). Theorem 14.12( 2) is the most reasonable result we can expect in 
full generality; indeed, here is an example of an irreducible BRW which survives globally 
when A = X w . 

Example 4.13. [1, Example 3] Let X := N and K be defined by ko± := 2, k nn+ i := 
(1 + 1/n) 2 , k nn -i := l/3 n (for all n > 1) and otherwise. Note that the corresponding 
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continuous-time BRW is irreducible. In order to show that X w = 1 we look for solutions of 
the inequality XKv > v/(l — v). The system becomes 

2Xv(l) > u(0)/(l -u(0)) 

A(u(n + l)(l + 1/n) 2 + v(n- l)/3 n ) > u(n)/(l - v(n)) for all n > 1. 

Clearly, for all A > 1, w(0) = 1/2 and t>(n) := l/(n + 1) (/or all n > 1) is a solution; this 
implies, according to Theorem \4.12\ l), that there is global survival for A > 1, thus \ w < 1. 
If X < 1 then there are no solutions in l°^(X). Indeed one can prove by induction that any 

solution must satisfy v(n + l)/v(n) > j fn+l) ~~ T*) f or a ^ n — ^" l)/'K n ) 
is eventually larger than 1 + e /or some e > 0, hence either v = or lim n v(n) = +oo. XTiis 
implies that X w = 1 and i/tere is global survival if X = X w . 

Another result, which applies to edge-breeding, irreducible, continuous-time BRWs and 
which deals with the relation between K w and A„, is the following. 

Theorem 4.14. [6, Theorem 3.3] Let (X, K) be an edge-breeding, irreducible, continuous- 
time BRW on a multigraph X; let us suppose that there exists xq € X, Y C X and no G N 
such that 

(1) for all x G X we have that B + (x,uq) C\Y ^ 0; 

(2) for all y £ Y there exists an injective map ip y : X — > X, such that ip y (xo) = y and 
k Vy (x) V y(z) > k xz for all x, z G X, 

where B + (x,uq) is the set of all vertices which can be reached from x in at most uq steps. 
Then X w = 1/K W . 

The previous theorem is based on the following result (see [6, Theorem 3.1]) which gives 
an interesting sufficient condition for the equality X w = 1/ K w . If the multigraph satisfies 
this geometrical condition: 

Ve > 3n = n{e) : sup ^/rf > K w - e, Vx G X 

n<n 

then X w = 1/K W . Note that, by definition of K w , for all fixed e > and x G X, there exists 
n x such that n ^/Tx x > K w — e. The above condition is a request of uniformity in x. An 
application of Theorem 14.141 is given in the following example. 

Example 4.15. [6, Example 3.3] Given a sequence of positive natural numbers {mk}k>i 
we construct a non-oriented, rooted tree T (with root o) such that if x G T satisfies d(o,x) = 
k then it has mk+i neighbors y such that d(o,y) = k + 1 (where d is the natural distance 
of a non-oriented graph). We call this radial graph T^ nik y-tree. If the sequence is periodic 
of period b, then Theorem \4-14\ applies with xq = o, uq = b, Y := L) n £fqS(o,nb) (where 
S(o,nb) is the sphere with center o and radius nb with respect to the distance d) and <p y 
(where y €zY) maps isomorphically the tree T onto the subtree branching from y; in this case 
the global critical parameter X w of the (irreducible) edge-breeding, continuous-time BRW on 
the tree equals 1/K W . Note that for every periodic sequence the BRW is not an J- -BRW, 
hence Corollary \4-l 0( 2 ) does not apply. 
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We already observed that local survival depends only on the first moment matrix M. 
It is clear that if we investigate the global survival in a class of BRWs where there is a 
one-to-one correspondence between first moment matrices and processes (as in the case of 
continuous-time BRWs), then also the global survival depends only on M. This is also true, 
by Corollary 14.81 for a BRW with independent diffusion satisfying equation (|2.6p • On the 
other hand, for a generic BRW, according to the following example, the global survival does 
not depend exclusively on M; in particular, even M w {x) > 1 does not imply global survival 
starting from x. 

Example 4.16. \4ty Example 4-4] Let X = N and consider the family of BRWs (N, p) 
with m = PiS nil{i+1}+1{i _ 1} + (l-pi)5 (for alii > I) and p = p S no i {1} + (l-p )5 . Roughly 
speaking, each particle at i > 1 has rij children at i + 1 and 1 at i — 1 with probability pi 
and no children at all with probability 1 — Pi; each particle at has no children at 1 with 
probability po and no children at all otherwise. 

According to Theorem \4. 7( 1 ) global survival starting from is equivalent to the existence 
of z G [0, 1] N , z(0) < 1, such that G{z\i) < z(i), for all i where 



The trick is to choose the sequences {pi}i^ and {nj}j G N such that pi — > fast enough and 
PiUi = 2 for all i G N; this way, the unique solutions of G{z) < z is z = 1. All the details 
can be found in fjty Example 4-4]- 

On the other hand, if the BRW is given by pi = 1/2 5 4 j +Pi^i, _ + (1/2 — Pi)5o (for 
all i > 1) and fiQ = l/254j {1} + l/2<5o (where pi is the same as before) then the first-moment 
matrix M is the same as before, but in this case the process survives globally (the total 
number of particles dominates a branching process with p = 2). Moreover, M w (xq) > 2 
since at each step the expected number of children p x is at least 2 for all x £ X . 

Another legitimate question arises from Theorem 14,91 is it true that X^ex m xy < 1 
for all x £ X implies global extinction? According to the following example (see also [TJ 
Example 1]), the answer is negative. 

Example 4.17. We start by considering a reducible BRW. Let X = N, {p n }nen be a 
sequence in (0, 1] and suppose that a particle at n has one child at n + 1 with probability p n 
and no children with probability 1 — p n . The generating function of this process is G(z\n) = 
1 — Pn +Pnz(n + 1). The probability of extinction of this process, starting with one particle 
at n, equals z(n) = 1 — nSn^* ( z ^ s ^ e smallest solution of G(z) = z); hence it survives 
wpp, if and only if Y^LiO- ~ Pi) < +°°- 

This process is stochastically dominated by the irreducible BRW where each particle at 
n>l has one child atn + 1 with probability p n , one child atn — 1 with probability (l—p n )/2 
(if n = then it has one child at with probability (1 —po)/2) and no children at all with 
probability (1 — p n )/2. The generating function G can be explicitly computed 





z(n — 1) + p n z(n +1) n > 1 
z(0)+p o z(l) n = 0. 
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By coupling this process with the previous one (see Section 3.3]) or, simply, by applying 
Theorem \4- r lj l) (z(n) = 1 — n^nP* * s a solution ofG(z) < z) one can prove that — 
Pi) < +00 implies global survival. Note that here X^'eN m «j = (1 < 1/ clearly, 

M w {i) = l. 

The following example shows how to apply the results of this section to the study of a 
couple of interesting branching processes. The first one appears for instance in the proof of 
[Ml Proposition 3.6] (see also Corollary I4.38j) . 

Example 4.18. Let p be a measure on N with generating function (j)(z) := Yln<=N p( n ) zTl 
and denote by p = -^<p(z)\ z= i (suppose that p(0) < 1). Consider the following Galton- 
Watson branching processes. BP\ is the process where each particle gives birth to n children 
with probability p{n) and each newborn particle is killed (independently) with probability 
1 — p. BP2 is the process where each particle is killed (independently) before breeding with 
probability \ —p, otherwise it gives birth to n children with probability p(n). We suppose 
that p G (0, 1) to avoid trivial situations. 

In order to study these two branching processes simultaneously, consider the BRW 
{Vn}n£N defined by X := {1,2} and 

Cn f f° ifb^0ora>2 

. , . if a f: I 
Hi{a,b) := 4 p, 2 (a, b) := < 1 - p if a = b = 

K {P z/ a = 1,6 = 0, 

where pj(a,b) = pj(f : /(l) = a, /(2) = b). Clearly 

G(zi,z 2 ) = {4>{z 2 ),pz 1 + 1 -p) , Vz 1 ,z 2 G [0, 1]. 

Note that {r] 2n (l)} ne n and {??2n(2)} n eN are realizations of BP\ and BP 2 respectively. Indeed 
the 2-step generating function 0/ {?? n } ng N is given by {z\, z 2 \l) = <j){pzi + 1 — p) and 
G^ (zi,z 2 \2) = p4>{z 2 ) I 1 - p; z 4 <J)(pz + 1 — p) is the generating function of BPi 
and z 1 — ^ p<p(z) + 1 — p is the generating function of BP 2 . Note that there is no distinction 
between local and global survival for the BRW since it is irreducible and X is finite. Moreover 
the survivals of the BRW, the BP\ and the BP 2 are all equivalent and, in turn, they are 
equivalent, for instance, to 1 < j^cj)(pz + 1 — p)\ z =i = PP (see Example The vector of 

extinction probabilities satisfies q = G{q) that is 

U{q{2))=Q(X) 
\pq(l) + l-p = q(2). 

Note that q(l) (resp. q{2)) is also the extinction probability of BP\ (resp. BP 2 ) since q = 
(q(l),q(2)) is also the smallest fixed point of G^ (see Section \4~l\ )- Clearly q(l) < 1 if and 
only if q{2) < 1 and, in this case, p(q(2) — q(l)) = (1 — p)(l — q(2)) > 0. This implies 
that if there is survival then the probability of survival of BP\ is strictly larger than the 
probability of survival of BP 2 . The same result can be obtained by convexity and by the fact 
that (/>(1) = 1 which implies the following order relation between the generating functions 
of BP\ and BP 2 : <p(pz + 1 — p) < p4>{z) + 1 — p whenever z / 1 and p G (0, 1), whence 
q(l) < q{2). Finally if we denote by a the probability of extinction of BP\ when p = 1, that 
is, the smallest solution in [0, 1] of 4>(z) = z, from the inequality cp(q(2)) = q(l) < q(2) we 
have also 4>(q(l)) < (j)(q(2)) = (q(l)). Hence a < min(g(l), q(2)). 
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4.4 Strong local survival 



The main result of this section is the following proposition. 

Proposition 4.19. Let {X,jj) be an irreducible and quasi-transitive BRW. Then the exis- 
tence of x £ X such that there is local survival at x (i.e. q(x,x) < 1) implies that there is 
strong local survival at y starting from w for every w,y £ X (i.e q(w,y) = q{w)). 

In the particular case of a quasi-transitive, irreducible BRW with no death and with 
independent diffusion, Proposition 14,191 was proved in |344 Theorem 3.7]. The proof we 
give in Section [6] is of a different nature and it is a corollary of the following result which 
describes some properties of fixed points of G in the case of an J-~-BRW. 

Theorem 4.20. Let (X,fi) be an T-BRW. Then, there exists at most one fixed point z 
for G such that sup^g^ z(x) < 1, namely z = q. Hence for all x G X, q(-,x) = q(-) or 
sup weX q(w, x) = 1. In particular when (X,fi) is irreducible then it is either q(x,x) = q(x) 
for all x £ X or sup^g^ q(x, x) = 1. 

The proof of this theorem, which can be found in Section [6j relies on Lemmas 16.11 and 16.21 
which guarantee the strict convexity of the function G evaluated on a line in [0, 1} X . The 
existence of an example of an irreducible J-"-BRW where q(x) < q(x, x) < 1 for all x £ X is 
given in Example 14.351 

In particular we can describe the case when X is finite (not necessarily irreducible). 
Clearly in this case q(w) = m.\n x& x-.w^xQ{w,x), hence for all w such that q(w) < 1 there 
exists x such that q(w,x) = q(w). Moreover, using Theorem I4.20( for all x G X we have 
that it is either q(-,x) = q(-) or there exists w G X such that q(w,x) = 1. If the BRW is 
irreducible (and X is finite) then it is q(w ) = q(w, w) for all w G X or q(w, x) = 1 for all 
w,x G X. Recall that, in the irreducible case, if p x (0) > for all x £ X, then strong local 
survival is a common property of all vertices as local and global survival are (see discussion 
in . Section [4.ip . This is clearly false in the reducible case but it might be false as well in 
the irreducible case if we drop the assumption p x (0) > for all x £ X as Example 14.321 
shows. 

If we are dealing with a continuous-time BRW, it might happen that if A is small enough 
or large enough there is strong local survival but in a intermediate interval for A there might 
be global and local survival with different probabilities. You can find this behavior in the 
BRW of Example 14.311 which is inspired by Remark 14. 11 In particular this shows that, unlike 
local and global survival, strong local survival is not monotonic. 

The following result is a natural generalization of [3 1 1. Theorem 3.1]. We give a sketch 
of the proof in Section [U 

Theorem 4.21. Let (X,fi) be an irreducible, globally surviving BRW. Then there is no 
strong local survival if and only if there exists a finite, nonempty set 4C1 and a function 
v £ [0, 1]^ such that q < v and 



where TqV = (v — q)/(l — q) is the inverse of the map Tq defined in Section HOI (and the 
ratio is taken coordinatewise) . 




Vx G A z , 

for some xq £ A^, 



(4.17) 
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It is worth mentioning at least one result for irreducible BRWs with no death. The 
following proposition gives a general criterion for the strong local survival of a BRW with 
no death and with independent diffusion. 

Proposition 4.22. \34\ Lemma 3.4] Let (X,p) be an irreducible BRW with independent 
diffusion where p x (0) = for all x G X . If for some c > the set C := {x : q(x, x) < 1 — c} 
is visited infinitely often by the BRW, then there is strong local survival. 

As a corollary one can prove Proposition 14.381 concerning BRWs which are locally iso- 
morphic to branching processes. Note that, since in the previous proposition we deal with 
BRWs with independent diffusion, it is possible to substitute the hypothesis that "the BRW 
visits infinitely often the set C" with "the set C is recurrent for the random walk (X, P)" . 

In view of the discussion of Section 13.21 a reasonable hypothesis for a generalization of 
the previous result to a BRW where p x (0) ^ for some x £ X, could be the fact that the 
BRW visits infinitely often the set C := {x : (1 — q(x,x))/(l — q(x)) > c} for some c > 0. 

4.5 Pure global survival 

The idea of pure global survival has been introduced in continuous-time BRW theory (and, 
more generally, in interacting particle theory) to define the situation where X s (x) > X w (x). 
In this case for every A G (X w (x), X s (x)] there is a positive probability of global survival 
starting from x but the colony dies out locally at x almost surely. We know that when 
A = X s (x) there is local extinction at x due to Corollary 14.51 while if A = X w (x) both 
global extinction or global survival starting from x are possible (due to Example 14.131 and 
Corollary 14.10( 2) respectively). Hence it is conceivable that when A = X w (x) = X s (x) it 
might happen that the process dies out locally but survives globally (we do not know of any 
example though). From now on we agree with many authors by defining the phase of pure 
global survival at x when X w (x) < X s (x). A necessary condition for the existence of a pure 
global survival phase starting from x is clearly that K s (x,x) < K w (x); indeed, according to 
Corollary 14. 101 (1) . if K s (x,x) = K w (x) then there is no pure global survival starting from 
x £ X since 1/K w (x) < X w (x) < X s (x) = 1/K s (x,x). In some cases this condition is also 
sufficient (see for instance Corollary 14. 101 (2) and Theorem 14. 14[) . 

We note that for an irreducible BRW, given iCI, q(x,A) < 1 for some x £ X if and 
only if q(y, A) < 1 for all y G X; thus, the existence of pure global survival does not depend 
on the starting vertex. It has been observed that the existence of a pure global survival 
phase is in many cases associated with nonamenability. We start with a characterization of 
nonamenability for irreducible, non-oriented discrete-time BRWs. 

Recall that for an irreducible BRW M s (x,y) = M s and M w (x) = M w for all x,y G X. 
Analogously X w (x) = X w and X s (x) = X s for all x G X in the case of an irreducible 
continuous-time BRW. 

Theorem 4.23. Let (X,p) be an irreducible, non-oriented T-BRW. Then the following 
claims are equivalent: 

(1) the BRW is nonamenable; 

(2) M S <M W . 
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A sketch of the proof of this result can be found in Section [6l Note that an irreducible 
discrete-time J-"-BRW is in a pure global survival regime (i.e. there is global survival and local 
extinction) if and only if M s < 1 < M w . Hence, the equivalent conditions in Theorem 14.231 
are necessary but not sufficient for global survival. 

On the other hand, in the irreducible continuous-time case, the existence of a phase of 
pure global survival is equivalent to X w < X s . According to Corollaries 14.51 and 14.101 f° r an 
J-"-BRW, X s = 1/K S = \/M s and X w = 1/K W = X/M w , thus we have the following corollary. 

Corollary 4.24. /H, Theorem 3.6] Let (X,E(X)) be an irreducible and non-oriented, 
continuous-time J--BRW. Then X w < X s if and only if (X, E(X)) is nonamenable. 

We observe that in the irreducible case in the pure global survival phase, the colony 
survives globally by clearing all finite subsets A C X. We might think of it as a sort of 
drifting towards some sort of boundary of the graph (we do not want to give more details 
on this). 

Example 4.25. The classical examples of amenable and nonamenable graphs are Z rf (for 
all d £ and (with d> 3) respectively. These properties can be verified by computing 
explicitly X s and X w for the edge-breeding continuous-time BRWs on these graphs. 

Let us consider the Euclidean lattice X = TL d and the edge-breeding BRW on X. Ln this 
case Corollaries \4-5\ and \4-HJ\ apply and X s = X w = l/2d since p = 2Xd. Lndeed 7L d is an 
amenable graph. 

If we consider an edge-breeding BRW on the homogeneous tree Tj, where each edge 
has d > 3 neighbors, the situation is different. Easy computations show that X w = 1/d 
(since the graph is regular) and X s = l/2\/ d — 1. Indeed, observe that, in this case, 
X s = r/d where r = max{i S M : F{x,x\t) < 1} (as explained in Section \4-6\ after 
Proposition \4-33\ ). In this case it is easy to find the explicit expression of the function 



F(x,x\t) = {d — \J d 2 — 4(d — l)t 2 )/(2(d — l)t) (see, for instance, the proof of JffPl Lemma 
1.24]), whence r = d/2\/ d — 1. We have verified by direct computation that X w < X s . 

Pure global survival is a fragile property of a BRW. Finite modifications, such as for 
an edge-breeding BRW attaching a complete finite graph to a vertex or removing a set of 
vertices and/or edges, can create it or destroy it as we show in the following remark. 

Remark 4.26. [6, Remark 3.2] For simplicity, in this remark we consider only edge- 
breeding BRWs on multigraphs, that is, continuous-time BRWs on X where k xy is the 
number of edges from x to Y for all x, y G X . Note that if (Y, E(Y)) is a submultigraph of 
(X, E{X)) then A* < X Y W , X? < Xj , K* > K Y W , Kf > Kj . 

Suppose that there exists a finite subset S C X such that X \ S is the disjoint union 
of a finite number of connected multigraphs X\, . . . ,X n then, the existence of a pure global 
survival phase on X, implies the existence of a pure global survival phase on some X{. 
Indeed for every X G (X W (X), X S (X)) the X-BRW leaves eventually a.s. the subset S. Hence 
it survives (globally but not locally) at least on one connected component; this means that, 
although X s (Xi) > X S (X), X w (Xi) > X W (X) for alii = l,...,n, there exists io such that 
X w (Xi ) = X W (X). The existence of a pure global survival phase on Xi follows from 
AspQo) > X S (X) > X W (X) = X w (Xi ). 

Moreover if there exists a subset S as above such that X w (Xi) > X W (X) for all i, then 
there is no pure global survival for the BRW on X . Take for instance a graph (X' , E(X')) 
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and k € N such that 1/k < X W (X'). Attach a complete graph of degree k to a vertex of X' 
by an edge (a complete graph is a finite set where every couple (x,y) is an edge), we obtain 
a new graph X such that X S [X) = X W (X) < 1/k < X W (X'); hence even if the BRW on X' 
has a pure global survival phase, the BRW on X has none. Nevertheless, using the same 
arguments as in Example \4-31\ if the original BRW has a pure global survival phase, the 
new one has non-strong local survival. 

There are examples of irreducible amenable BRWs with pure global survival (see Ex- 
ample I4.27P and of irreducible nonamenable BRWs with no pure global survival (see Ex- 
ample H2H] which makes use of Remark 14.26ft . Recall that, for an edge-breeding BRW on a 
graph (or a multigraph), nonamenability is equivalent to the usual nonamenability of the 
graph. 

Example 4.27. Consider an irreducible, edge-breeding continuous-time BRW on the (non- 
oriented) graph X obtained by attaching to a copy of N one branch T of the homogeneous 
tree T3 (see Figure\E)- The BRW is amenable by the presence o/N. We claim that X* = Aj 3 
and A£ = A^>. Indeed T C X C T 3 , hence X? > Af > A J 3 and X^ > A* > A^ 3 . But by 
approximation, A J = Aj 3 . Indeed A J > Aj 3 and does not depend on the starting vertex; 
moreover T contains arbitrarily large balls isomorphic to balls 0/T3, hence by Theorem \5.2\ 
their critical local parameters coincide. Note that by Remark \4-26\ since T is a disjoint union 
of three copies of T, then A^ = X^ 3 . Using Example \4-25\ we have X * = A^ < A^ 3 



It is worth mentioning an alternative proof of X^ = A^ 3 which makes use of Theo- 
rem \4-12\ 4)- Indeed A^ 3 = 1/3 and it is clear that the function v 6 /^°(T3) defined by 




= n 

(where o is the root of T and d(x,o) denotes the natural distance on the graph between x 
and o) is a solution of \Kv = v; this implies A^J < 1/3. 

Example 4.28. Consider a nonamenable graph X' such that the corresponding edge-breeding 
continuous-time BRW has a pure global survival phase (take for instance X' := T3 the ho- 
mogeneous tree with degree 3). Following Remark \4.26\ attach to a vertex of X' a complete 
graph with degree k > 1/A^ by an edge (see Figure^). It is easy to show that the resulting 
graph X is still nonamenable, nevertheless, according to Remark \4-26[ there is no pure global 
survival for the corresponding edge-breeding BRW. Roughly speaking, since X* < l/k < 1/3, 
then for every X E (A^,l/3) the process cannot survive globally in X' := T3 hence it hits 
infinitely often with positive probability the complete graph, hence X^ = X^ . 



The following result gives a useful sufficient condition for the absence of pure global 
survival for a continuous-time BRW (X, K) which is based only on the geometry of the 
graph (X, Ek) generated by the BRW (where Ek ■= {(x,y) € X 2 : k xy > 0}). It is a slight 
generalization of [61 Proposition 2.1]. 

Theorem 4.29. Let (X,K) be a continuous-time non-oriented BRW and let xq £ X. 
Suppose that there exists k 6 (0, 1] and {c n } ng N such that, for all n G N 

\ K(y) / k(x ) < c n \fyeB(x ,n) 
\n(x)k xy = K(y)k yx yx,y £ X, 



32 



where B(x,n) is the ball of center x and radius n w.r. to the natural distance of the graph 
(X,Ek)- If tfc^ — >• 1 and y/\B(xo, n)\ — >• 1 as n — > 1 then K s (xq,xq) = K w (xq) and there 
is no pure global survival starting from xq. 



The condition yJ\B{x, n)\ — > 1 as n — > 1 is usually called subexponential growth. The 
previous result applies, for instance to BRWs on or d-dimensional combs (see [5] for the 
definition). This result extends easily to discrete-time non-oriented BRWs using M w (x) and 
M s (x,x) instead of K w (x) and K s (x,x) respectively. 

Remark 4.30. We can apply the previous arguments to the family of rooted trees in Ex- 
ample \4~J~5 X is nonamenable if and only ifT\ is nonamenable, that is, if and only if there 



exists i such that m; > 2. In this case, according to Theorem \4-23\ < Xjf , hence by 
Remark \4.26\ (considering X\Y) there exists i such that Xj} < X^ 1 . This means that for all 
i = 1, . . . , b we have Xjj < A J* and there is pure global survival on 2$. On the other hand, if 
rrii = 1 for all i = 1, . . . ,b the graph has subexponential growth, then there is no pure global 
survival. 

Finally we construct an example of a continuous-time BRW, where if A is small enough 
or large enough there is strong local survival but in a intermediate interval for A there 
is global and local survival with different probabilities. This is obtained by modifying 
the edge-breeding BRW on a particular graph, namely the homogeneous tree T^. The 
crucial property that we need here is the existence of a pure global survival phase, thus the 
procedure applies to every BRW with such a phase. 

Example 4.31. Consider the edge-breeding continuous-time BRW on the homogeneous 
tree with degree d > 3. We know from Example \4-25 that if X < 1/d the probabilities of 



survival are 0, if X > l/2yd — 1 there is strong local survival (according to Proposition \4-l$\ ) 
and if X £ l/2\/ d — 1] the probability of global survival is positive and independent from 

the starting point and the probability of local survival at any finite iCI is 0. 

Fix X G {1/d, l/2y ' d — 1]. According to Remark \4-1\ there exists x G X such that there 
is a positive probability of global survival starting from x without visiting A. In this case, 
any modification of the rates in the subset A provides a new BRW such that there is still 
a positive probability of global survival starting from x without ever visiting A (since, the 
original BRW and the new one coincide until the first hitting time on A). On the other 
hand, if there is y G A such that x — > y and we add a loop in y and a rate k yy > 1/ A then 
q(x) < q(x, y) < 1; the first inequality holds by the discussion above on local modifications 
and the second one holds since Xk yy > 1 implies local survival at y (then irreducibility 
implies local survival at y starting from x). This means that, for this fixed value of X, we 
obtained a locally and globally (but not strong-locally) surviving BRW at y starting from x. 

Suppose now that k yy > d; then (see Remark \4-26 ) we have a new BRW such that 
X' w = X' s < l/kyy. In this case, when X < X' w there is global extinction. When X > l/2yd — 1 



there is strong local survival for the original BRW (by Proposition \4-19 ) which implies strong 



local survival for the new one (the probability of hitting x conditioned on global survival is 1 
for both processes and Remark \4-1\ applies). If X £ (X' w , 1/d] there is local and global survival 
with the same probability since in order to survive globally, the process must visit x infinitely 
many times (it cannot survive globally in the branches ofT^)- If X £ (1/d, l/2y/d — 1] then, 
according to the previous discussion, there is non-strong local survival for the new BRW. 
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We show that even in the irreducible case, if p x (0) = for some x G X, we might have 
strong local survival starting from some vertices and not from others. 

Example 4.32. Let us consider a modification of the discrete-time counterpart of the edge- 
breeding BRW on with degree d>2> and AG 1/2V d — 1] . Let us fix a vertex y; in 
this modified version we add, with probability one, one child at y for every particle at y. In 
this case q(y) = q(y,A) = for all A C X. On the other hand according to the discussion 
in Example \4-31\ there is a vertex y such that q(x) < q(x,y). 

4.6 An application: BRW locally isomorphic to a branching process 

This class of BRWs is very easy to study and it gives an immediate connection with the 
theory of random walk. Recall that a BRW (X, p) is locally isomorphic to a branching 
process if and only if the laws of the offspring number p x = p is independent of x G X (see 
Definition 13. ip . In this case the branching process can be constructed as the BRW ({0}, v), 
where vq := p. All the results of this section also apply to continuous-time BRWs where 
p x is independent of x G X, since their discrete-time counterpart is locally isomorphic to a 
branching process. In particular, for a continuous-time BRW (X, K), p x is uniquely deter- 
mined by k(x) = J2 y ex ^xy (and by A), hence (X;K) is locally isomorphic to a branching 
process if and only if k(x) does not depend on x G X. 

The following result characterizes local and global survival for this class. Remember 
the definition of the diffusion matrix given in Section [2.11 as p(x,y) := m xy /p x ; note that, 
for a BRW with independent diffusion, the diffusion matrix coincides with the transition 
probability matrix P. In this proposition we denote by F the generating function of the 
hitting probabilities, (cfr. the function U of [Ml Section l.C]). 

Proposition 4.33. Let the BRW be locally isomorphic to a branching process and denote 
by p the common offspring law. Then 

(1) there is global survival if and only if p > 1; 

(2) there is local survival at x if and only if p > 1/ limsup,^^ y / p( n )(x, x); 

(3) there is local survival at x if and only if either F{x,x\p) > 1 or F(x,y\p) diverges. 

A sketch of the proof can be found in Section [6l We note that there is local survival at 
x if and only if 

p > max{i G M : F{x,x\t) < 1} = r(x,x) 

where r(x,x) = 1/ lim sup^^^ y / p( n )(x, x) is the spectral radius of the random walk P (see 
|40| Section 2.C]). As a corollary one derives the critical parameters for continuous-time 
BRWs which are locally isomorphic to a branching process: X w = 1/k and X s (x) = r(x, x) /k 
(where k = k(x) for all x G X). 

It is clear that, in the irreducible case, there is pure global survival (see Section f4.5[) if 
and only if 1 < p < r (where r = r(x, x) in this case does not depend oniel due to the 
irreducibility) . This is possible if and only if r > 1 which is equivalent to nonamenability 
(see Theorem 14.230 since in this case M s (x,y) = p/r and M w {x) = p. Notice that if there 
is pure global survival then P defines a transient random walk but the converse is not true: 
if P is the simple random walk on "L d there is no pure global survival for any p and d. 
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In general there is no strong local survival, even if the BRW has independent diffusion 
as Examples 14,351 and 14.361 show. Before discussing the examples we need an easy lemma, 
whose proof can be found in Section [6J 

Lemma 4.34. Let {ajjjgN and {/cj}j g N be such that on 6 (— oo, 1) and ki > for all i G N. 
Then 

hat < +oo Y[(l - ai ) ki > 0. 

iGN iGN 

Moreover if on £ [0, 1) and ki > 1 eventually as i —> oo i/iera 

^ hat < +oo ^ JJ(1 - ai) fcl > 0. 

iGN iGN 

Example 4.35. Fix X : = N and consider a BRW with the following reproduction probabil- 
ities. Every particle has two children with probability 3/4 and no children with probability 
1/4. Each newborn particle is dispersed independently according to a nearest neighbor matrix 
P on N. More precisely 

}Pi ifj = i + l 

\l-Pi ifj = i-l, 

and po = 1. The process described above is an irreducible J 7 -BRW for every choice of the 
set {Pi} ie n\{0}- 

The generating function of the total number of children is z i— )■ 3z 2 /4 + 1/4 and its 
minimal fixed point is 1/3 = q(x) (for all x £ N). 

Choose pi < 5/9; it is easy to show that the process confined to {0, 1} survives (since the 
expected number of children at every two generations (starting from 0) is (3/2) 2 (l— p\) > 
1 ). By irreducibility this implies that q(x, y) < 1 and q(x) < 1 for all x, y £ N. 

Choose the pi s such that YliZiPf > 0, which, according to Lemma \4-34\ is equivalent to 
— Pi) < +oo. Consider the branching process N n representing the total number of 
particles alive at time n: for all n, N n < 2 n almost surely. The probability, conditioned on 
global survival, that every particle places its children (if any) to its right, is the conditioned 
expected value ofY^ =1 pf i . But \\°^ =l p^ % > YYjZiPf > almost surely. Hence, conditioning 
on global survival there is a positive probability of non-local survival. This implies q(-,y) +~ q 
for every y G N. Note that, according to Theorem \4-20[ sup^gpj q(x, x) = 1. 



P(i,j) 



The key in the previous example is that the total number of particles alive at time n 
is bounded. This is not an essential assumption. The following example shows that, given 
any law p of a surviving branching process (that is, p = ^ n gN p{n) > 1), it is possible to 
construct an irreducible BRW which is locally isomorphic to a branching process with no 
strong local survival. 

Example 4.36. Let X = N and p x := p for all x £ N; p being the law of a surviving 
branching process. We know that q(x) = q for all x G N where q < 1 is the smallest fixed 
point of z ^ ^ n inN p(n)z n . Pick a sequence of natural numbers {N^i^ satisfying 

l[p([0,N l+1 })^o^ >q, (4.18) 

iGN 
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where Nq := 1. Note that the probability of the event A where every particle alive at time i 
has at most iVj+i children for alii G N is bounded from below by the LHS of equation f|4. 18j) . 

Thus, from equation (|4.18p . with a probability larger than OieN P([0> ^i+i])^ i=0 ^ — Q > 
t/ie colony survives globally and the total size of the population at time n is not larger than 
\J^ =0 Nj (i.e. the intersection between A and global survival has positive probability). 
We define a BRW with independent diffusion where P is as follows 



Pi j = i + 1, i > 

1 ~Pi j = i~ 1, * > 1 
1 - Po i = j = 0. 



Let po such that (1 —po)p > 1; i/us implies local survival. We choose the sequence {pi}i<=N, 
where pi G (0, 1) m such a way that 



II/'" X >0. (4-19) 



r 

Using equation (|4.19p . «/ we condition on A, the probability that, every particle places its 

IT- -W' 

children (if any) to its right is bounded from below fr^riieNPi J - implies that there 
is a positive probability of global, non-local survival. 

The choice of the sequences {iVj}j g N and {pi}ien satisfying equations (I4.18P and (14.19P 
respectively can be done as follows. Choose a sequence {cti}^ such that 014 G (0, 1) 
for all i E N and flieN a * > 1 — 9. Then, iteratively, if we fixed Nq, . . . , N^, since 

i/n*- 

liriLj^oo /o([0, x]) = 1 i/iere exisis N^+i G N suc/i i/iai pQO, iVfc + i]) > a fc+1 J . Moreover, 
according to Lemma \4-34\ equation (|4.19p . is equivalent to Ylie^O- ~ Pi)TIj=o Nj < 00, 
hence let us take, for instance, p, L > l/(i ■ n^o-^i)- 

We note that the class constructed in this example includes discrete-time counterparts 
of continuous-time BRWs where p can be chosen as in equation (|2.6p where k(x) does not 
depend on x, k xy := k(x)p(x,y) (where P is defined as before) and A > A s is fixed. Finally 
we observe that this example extends naturally to an example of a site-breeding BRW on a 
radial tree where the number of branches of a vertex at distance k from the root is at least 
l/p(k,k + l). 

The following easy theorem gives another sufficient condition for the strong local survival 
of a BRW which is locally isomorphic to a branching process. The proof can be found in 
Section [6l 

Theorem 4.37. Suppose that (X, fx) is an irreducible BRW with independent diffusion such 
that P is the transition matrix of a recurrent random walk and p x = p for all x G X . Then, 
global survival starting from some x G X implies strong local survival at y starting from w 
for all w,y G X. 

In case of a BRW with no death and with independent diffusion one can prove the 
following proposition which makes use of Proposition 14,221 By U(x, y\z) we mean the usual 
generating function of the first-return probabilities of the random walk P as defined in |40l 
equation (1.26)]; in particular U(x,y) is the probability of visiting y after starting from x. 
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Proposition 4.38. [34, Proposition 3.6] Let (X,p) be an irreducible BRW with inde- 
pendent diffusion where p x = p for all x G X and p(0) = 0. If p > sup^g^ 1/U(x,x) then 
there is strong local survival. 

A result like this one could be proved without the no-death hypothesis using the com- 
parison described in Section 13. 2} in this case a reasonable hypothesis should be p > 
suPzgx 1/U(x,x\l - p(0)). 

Remark 4.39. In order to extend some results, as Proposition \4-3$\ for instance, from the 
homogeneous case (p x = p for all x G X) to the inhomogeneous case, we have to find suffi- 
cient conditions such that the infimum of the probabilities of survival of the branching pro- 
cesses with laws {p x }x€X is strictly larger than 0. Observe that if p^p then for all nonde- 
creasing, positive, measurable function f we have X^neN f( n )p( n ) ^ SneN f( n )p( n ) which, 
in turn, implies YlneN zU P( n ) - SneN z n p(n) for all z G [0, 1]. Hence if ]C ngN z n p(n) < z 
then J2neN zn P( n ) — z - Thus if p x >z p for all x G X then the probabilities of extinction 
of the branching processes associated to the p x s are all dominated by the probability of ex- 
tinction of the branching process associated to p. Hence one possibility would be to assume 
that for all x G X , p x dominates some law of a surviving branching process p. This way the 
results for inhomogeneous BRWs are simply corollaries of the homogeneous case. Clearly 
this is not a significant improvement. 

One might guess that if the expected number of offsprings p x is sufficiently large then the 
supremum of the probabilities of extinction of the branching processes with laws {p x } x ex 
is strictly smaller than 1. But clearly, if sup^gx p x (0) = 1 then the supremum of the 
probabilities of extinction is 1. Even bounding p x (0), . . . , p x (k) (for all x G X) is not 
sufficient. Indeed consider the set A of all probability generating functions and a subset 
Aa(,^a\]...,a^,m defined as 

A := {<P(z) = : P(t) > Vi, J>(i) = 1} 

i i 

Aao,ai,...,a k ,m '■= {4> £ A : <j){z) = ^pizjz 1 , p(i) < a* Vi < k, p > m} 

i 

(where G [0,1] and m G R, m > 1). In this case, either there is a surviving branch- 
ing process (which does not necessarily belong to A ao , ai ,...,a k ,m) whose law is stochastically 
dominated by all p G Aa ai ... a k m or the supremum of the probabilities of extinction is 1. 
In order to prove this claim, let ko := max{i = 0, . . . , k : Y2j=o a * ^ 1} an d define 
:= ^H=o a i z% + (1 ~~ Yli=o a i) zk ° +1 ■ Clearly the branching process corresponding to 
(p (which might not belong to A ao ,ai,...,a k ,m) is dominated by every branching process in 
A a0j ai,...,a k ,m and 4> < 4> in [0, 1] for every 4> G A ao ,a 1 ,...,a k ,m- This implies that the minimal 
fixed point, c < 1, of <j> is an upper bound of the minimal fixed point of <j> G A ao , ai ,...,a k ,m- 
If c < 1, that is, J2i=o^ a i + (1 ~~ X^=o a *)(^o + 1) > 1 (i-e. the branching process survives) 
there is nothing to prove. On the other hand, if c = 1 then consider 

ko k 

<j)N = Yl + W N Z h)+1 + (1 - W N - a i) zN 

8=0 1=0 
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where wn = (X^=o io,i — m + (l — J2i=o a i)N)/(N — (ko + 1)) G [0, 1 — Yli=o a i] eventually as 
N — > oo (remember that c = 1 if and only ifl> ^^(z)| 2= i = Yli=o + (1 — Sj=o a «)(^o + 
T/ien ^0jv(^)|z=1 = m, 0at G Aj ,ai,...,a fc ,m and limjv^oo 0at = 0. iit is straightforward 
to show that the minimal fixed point cx of (fix converges to c = 1 as N — )• oo. 

5 Approximation 

5.1 Spatial approximation 

The first kind of approximation is based upon a result on approximation of nonnegative 
matrices which is interesting in itself. Recall the usual classification of indices of a matrix 
M = (m X y) x ,yeX (which is supposed to be nonnegative throughout this section) as described 
in [371 Chapter 1]. For any index x we denote by [x] its class, that is, the set of indices 
which communicate with x. We define the convergence parameters R(x,y) := M a {x,y) 
and R := mi x ^x R(x, y). It is straightforward to show that M s (x,y) = M s (xi,yi) if 
[x] = [xi] and [y] = [yi]; this implies that for irreducible matrices, R(x,y) is independent 
of x, y G X. 

Let {X n } ng N be a sequence of subsets of X and denote by n R the convergence parameter 
of M n = (m X y) X: y G x n ', clearly, if the sequence {X n } ne ^ is nondecreasing, we have that 
nR > n+iR- The following theorem generalizes |37} Theorem 6.8] (note that the submatrices 
{M n } ng N are not necessarily irreducible); it is the key to prove our main result about spatial 
approximation (Theorem 15, 2p . 

Theorem 5.1. [^2, Theorem 5.iJ3 Let {X n } ne ^ be a general sequence of subsets of X 
such that lim inf n-s.oo X n = X and suppose that M = (rn X y)x,yex is a nonnegative matrix. 
Then for all xq G X we have n R(xo,xo) —> R(xo,xo). Moreover if M is irreducible and 
M n = {m xy ) X) y£x n then n R — > R as n — > oo and, in particular, for all x$ G X we have 
n R(x ,x ) ->■ R. 

Note that in the previous theorem the subsets {X n } ne ?q can be chosen arbitrarily; in 
particular they may be finite proper subsets. Moreover the result extends easily to the case 
of a sequence of nonnegative matrices M n = {jn{n) xy ) Xty& x n where lim inf n ^.oo X n = X, 
< m(n) xy < m xy for all x, y G X n and limn^.^ m(n) xy = m xy for all x, y G X (note that 
m(n) xy is eventually well defined for all x, y G X as n — > oo). The idea of the proof is 
essentially contained in \42\ Theorem 5.2]. 

Given a sequence of BRWs {(X n , fj, n )} ne ^ such that lim inf n _>.oo X n = X, we define 
m(n) xy := Ylfes x f (y) f^n^if) and the corresponding sequence of matrices {M n } n€ fq. Note 
that in the following result we are not assuming that the BRW is irreducible. 

Theorem 5.2. [J^2, Theorem 5.2] Let us fix a vertex xq G X. If lim infV^oo X n = X 
and m(n) xy < m xy for all x,y G X n , n G N and m(n) xy — > m xy as n — > oo then 

(1) (X,fj,) dies out locally (resp. globally) a.s. starting from xq => (X n , fj, n ) dies out locally 
(resp. globally) a.s starting from xq for all n G N; 

1 We observe that in |42l Section 5.1] the hypotheses that M is a nonnegative matrix is missing, even 
though it is implicitly used. 
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(2) (X,/jl) survives locally starting from xq ==> (X n ,fi n ) survives locally starting from xq 
eventually as n —> oo. 

Clearly the discrete-time counterpart of a spatially confined BRW in continuous-time is 
obtained by spatially confining the discrete-time counterpart of the continuous-time BRW. 
Hence, Theorem 15.21 yields an analogous result for BRWs in continuous time. 

Corollary 5.3. /7, Theorem 3.1] Let (X,K) be a continuous-time BRW and let us 

consider a sequence of continuous-time BRWs {(X n , if n )}neN such that lim sup,^;^ X n = 
X. Let us suppose that k xy (n) < k xy for all n E N ; x, y E X n and k xy (n) — > k xy as n — )• oo 
forallx,y£X. Then X s (X n , K n ) > \ S (X, K) and X s (X n , K n ) — > X S (X, K) as n — >• oo. 

Among all possible choices of the sequence {(X n , ^ n )} n( =N there is one which is induced by 
(X,fi) on the subsets {X n } ngN ; more precisely, one can take fi n (g) := Y^fes x -f\x n =g Vxif) 
for all x E X n and g E Sx n - Roughly speaking, this choice means that all reproductions 
outside X n are suppressed. In this case it is simply m{n) xy = m xy for all x,y E X n . 

Since Theorem 15.21 deals with local survival, one can wonder what can be said about 
global survival. First of all, if the process (X, fi) survives globally and locally then eventually 
(X n , fjL n ) survives locally and thus globally. The question is nontrivial when (X,/i) survives 
globally but not locally, which we assume henceforth in this brief discussion. In this last 
case, if, for instance, X n is finite for every n E N and the graph (X n ,E^ n ) is connected 
then, by Theorem l5.2f 1). (X n , fi n ) dies out (locally and globally) a.s. for all values of n E N. 
On the other hand, the case where X n is finite for every n E N and the graph E 1 ^) 
is not connected is more complicated and can be treated as in Remark 4.4]. When 
X n is infinite for infinitely many values of n, it is possible that there is no global survival 
for infinitely many values of n. An example in the discrete-time case can be found in 
|42^ Remark 5.3] while an example in the continuous-time case can be constructed using 
[61 Remark 3.2]. Taking the couple (X n ,(j, n ) random, some results can be achieved as an 
application of Theorem 15.21 (see for instance [8j Theorem 7.1] or [181 Theorem 2.4]). 

Example 5.4. Consider the edge-breeding (continuous-time) BRW on Z d . We saw in 
Example \4-25 that if X > X s = l/2d then there is local survival. Suppose that d > 1 and that 
X < 1/2 and consider the infinite cylinder X n := {x E 7L d : \x(i)\ < n, \/i = 2, . . . ,d}. It 
is clear that there is no local survival for the BRW restricted to Xq = Z C nevertheless 
according to Corollary 15.31 there exists no such that there is local survival on X n for all 
n > uq. This shows a difference between random walks and BRWs: the simple random walk 
on X n is recurrent for all n E N (as the simple random walk on Z ); on the other hand, 
while the BRW restricted to Xq = Z dies out locally, it survives when restricted to X n if n 
is sufficiently large (in some sense the BRW on X n approaches the BRW on 7L d as n tends 
to infinity). 

Another consequence of Theorem \5.2\ is the following (see also \42\ Section 5]): consider 
the edge-breeding continuous-time BRW on 7L d (but the argument extends easily to any 
translation invariant BRW in discrete and continuous time). Let us choose a connected 
subset Y C Z d such that every finite subset A C Z rf is a subset of a suitable translation 
of Y in % d . Then the strong critical parameter X' s of the BRW restricted to Y is equal 
to X s = l/2d. A possible choice is Y := {y E Z d : (y,yo) > Q l|y|| • ||yo||} f or some fixed 
nontrivial yo £ ^ d an d ct < 1 (where (•, •) and \\ ■ \\ represent the usual scalar product and 
norm of1j d respectively). 
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5.2 Approximation by truncated BRWs 



The family of discrete-time BRWs can be extended to the more general class of truncated 
BRWs where a maximum of m £ N U {00} particles per site is allowed. We denote this 
process as a BRW m . The dynamics is described by the following recursive relation 

rtfiv) 00 3 

ChO) = m a Y Y An,?/^) = m a Y Y Vw^i Y fo^y( x )- 

y eX i=l y€X j=0 i=l 

Clearly the BRW oo is the usual BRW and the BRWi is the well-known contact process. 
Note that while for the BRW the reproductions of two particles are independent, this is not 
true for the BRW m which is a truly interacting particle system. 

There is an analogous class of continuous-time processes that we still call truncated 
BRWs which are subject to the same constraint (see [8]). 

Remark 5.5. Even though the BRW m is the only generalization that we need here, there 
is a more general class of continuous-time processes, called restrained BRWs, which is 
worth mentioning and which has been introduced and studied in ^ (an analogous construc- 
tion in discrete-time is straightforward and we omit it). Consider an infinite connected 
graph X and let r)[x) be the number of individuals living at the site x £ X. The lifes- 
pan of each individual is an exponential random variable of mean 1. During its lifetime 
each individual tries to reproduce following a Poisson process of intensity A. Every time 
the clock associated to the Poisson process rings, the individual tries to send an offspring 
to a randomly chosen target neighboring site. The target neighboring site is chosen us- 
ing the transition matrix P = {p{x,y)) X) y^x of a nearest neighbor random walk on X. 
Call the target site y. The reproduction on y is effective only with probability c(rj(y))/X, 
where c : N — > M + is a non-increasing and nonnegative function with c(0) = A. In this 
case the population living at y increases by one individual, otherwise nothing happens. 

Observe that the restrained BRW is a Markov process and the continuous-time trun- 
cated BRW m are special cases (c = A if m — 00 and c — Aijo^ ... t m—i 

}) otherwise). Results 

about survival and stationary measures of this process can be found in 0]/; it is worth noting 
that this process may have an ecological equilibrium, that is, a phase of local survival where 
the expected number of individuals per site is bounded from above. This is not possible for 
the BRW where local survival implies almost surely an unbounded population (see the proof 
of theorem 4.1(1)] and JU Theorem 6.2]). 

We observe that the discrete-time counterpart of a continuous-time truncated BRW is 
not a discrete-time truncated BRW. Indeed, in order to construct the discrete-time counter- 
parts we lose the original time scale: on one hand, particles which are in the same generation 
in the discrete-time process might have disjoint lifespan intervals in the continuous-time 
process and, on the other hand, particles living at the same time in the continuous-time 
process might belong to disjoint generations in the discrete-time counterpart. Hence the 
results about approximation of continuous-time BRWs by means of continuous-time trun- 
cated BRWs (see [8]) cannot be considered as particular cases of the analogous results for 
discrete-time processes (see |42j). Nevertheless, the techniques used are very similar and 
the results essentially coincides. 
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The goal of this section is to study the approximation of a BRW {r/ n } nS N by means of the 
sequence of truncated BRWs {{C }neN}meN- It is clear, by stochastic domination (see [I2J 
Section 3.3]), that if the BRW dies out locally (resp. globally) a.s. then any truncated BRW 
dies out locally (resp. globally). We are going to prove here a result similar to Theorem 15.21 
as m tends to infinity. For discrete-time BRWs this has been done in |42j while the results 
for continuous-time BRWs can be found in [8]. 

From now on we make some assumptions on (X,p). First, we assume that X is count- 
able. Indeed, the finite case is uninteresting since the the truncated BRW {??™}ngN do 
not survive for any m G N in discrete and continuous time (by standard Markov chain 
arguments, being an absorbing state). Second, we require that the graph (X,E^) has 
finite geometry, that is, sup^gj^ deg(x) < +oo and that the matrix M is irreducible- We 
denote its convergence parameter by R^. We observe that, using this notation, according to 
Theorem 14.31 local survival is equivalent to < 1. For a continuous-time BRW (X, K) we 
denote the convergence parameter of the matrix K by Rk and we observe that according 
to Corollary 14.51 local survival is equivalent to 1/Rr < A. 

Finally, we suppose that 

sup p x ([n, +oo)) — > 0, as n — > +oo. (5.20) 

This assumption allows to use the measure p defined as 

p(n) = sup p x ([n, +oo)) - sup p x ([n + 1, +oo)), 

to stochastically dominate all the laws {p x }xex- Indeed equation (|5.20|) is equivalent to the 
existence of a measure which dominates the p x s. The measure p has finite second (hence 
first) moment if and only if J* °° sup^gj^ p x ([y/t, +oo))di < +oo (that we assume henceforth). 
For a continuous-time BRW (X, K) we simply assume that sup^gx k(x) < +oo and this 
implies immediately the stochastic domination by means of a continuous-time branching 
process with parameter sup xeX k(x) (see [8] for details). 

We start with the result on the approximation of the local behavior of a BRW by means 
of the sequence of truncated BRWs {{C}f«eN}meN- 

Theorem 5.6. JJI| Theorem 6.3] 

Suppose that at least one of the following conditions holds 

(1) (X, p) is quasi transitive and irreducible; 

(2) (X,p) is irreducible and there exists 7 bisection on X such that 

(a) p is 7 -invariant; 

(b) for some xq G X we have xo = 7 n xo if and only if n = 0. 

If if {ln}neN survives locally (starting from xq) then {^jneN survives locally (starting from 
xq) eventually as m —> +00. 

In the continuous-time case there is an analogous result which gives an approximation 
of X s by A™, where A™ is the local critical parameter of the truncated BRW with (at most) 
m particles per site. 
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Theorem 5.7. JH Theorem 5.1] 

Let (X, K) be a continuous-time BRW and suppose that at least one of the following condi- 
tions holds 

(1) (X, K) is quasi transitive; 

(2) (X,K) is irreducible and there exists 7 bijection on X such that 

(a) p is ^-invariant; 

(b) for some x$ G X we have xq = 7™xo if and only if n = 0. 
Then 

lim A™ = A s > lim A™ > X w . 

m— ¥+00 m— >+oo 

Moreover if X s = \ w then A™ | m -> +0 o A w . 

Let us consider now the global behavior; as before, we start with a discrete-time process. 
We take (X, p) with I = Zx7 (for some set Y) and we denote by g : X — > Z the usual 
projection from X onto Z, namely g(n,y) := n. In the following we use the same notation 
as in Section [3.11 We suppose that v = p o g^ 1 is translation invariant (that is, 7-invariant 
according to Definition 13 . 21 for every translation operator 7 on Z) and we denote the common 
distribution and the expected number of offsprings of the BRW by p and p = Ylyex m xy'> 
observe that they, do not depend on x G X or i £ Z since v is translation invariant. 

Theorem 5.8. 14 Theorem 6.5] Let X = Z x Y and suppose that the BRW (X,p) is 
locally isomorphic to (Z, v) where v is translation invariant. If m xy = whenever \g{x) — 
g(y)\ > 1 then 

(1) the BRW survives globally starting from x if and only if p = ^2 y& z m xy > 1> 

(2) if the BRW survives globally (starting from x) then then the BRW m survives globally 
(starting from x) for every sufficiently large m. 

Note that the hypotheses that we made in the previous theorem implies that the BRW 
(Z, v) is "nearest neighbor" in the sense that reproductions are possible only in the same 
site or towards neighboring sites (in the usual graph Z). Theorem 15.81 applies to translation 
invariant BRWs on two particular graphs: Z rf and the homogeneous tree T r with degree r. 
In particular the application to T r is possible since the product Z x Y is meant as a set 
product and not a graph product; indeed the set of vertices of T r can be seen as Z 2 and the 
projection g as the horocyclic map (see [391 Section 12.13]). 

Corollary 5.9. \42[ Corollary 6.6] If the BRW (Z d , p) is translation invariant and there 
exists a projection g on one of the coordinates such that m xy = whenever \g(x) — g(y)\ > 1, 
then 

(1) the BRW survives globally (starting from x) if and only if p = X^ez m xy > 1> 

(2) if the BRW survives globally (starting from x) then the BRW m survives globally (starting 
from x) for every sufficiently large m. 
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Corollary 5.10. \42[ Corollary 6.7] Let T r be a homogeneous tree and suppose that 
the BRW (T r ,fi) is ^-invariant for every automorphism 7 of T r . If fJ, x (f) 7^ implies 
supp(/) C B(x, 1) (where B(x, 1) is the usual ball of radius 1 and center x of the graph T r ) 
then 

(1) the BRW survives globally (starting from x) if and only if p = X^ez m xy > 1/ 

(2) if the BRW survives globally (starting from x) then the BRW m survives globally (starting 
from x) for every sufficiently large m. 

Let us consider now the continuous-time case; there are analogous results which give 
an approximation of A^ by \™, where A™ is the global critical parameter of the truncated 
BRW with (at most) m particles per site. From now on we deal with a site-breeding BRW; 
thus, k{x) = k for all x £ X, that is, we set k xy = kp(x, y) where P is a transition matrix of 
a random walk. We stress that in this case X w = 1/k. We are concerned with the question 
whether A™ 1 X w = 1/k or not. Under the hypotheses of Theorem 15.71 this is the case 
when the BRW has no pure global survival phase (i.e. r = 1 where r is the spectral radius 
of the random walk P). The interesting case is r > 1. Most natural examples are drifting 
random walks on % d and the simple random walk on homogeneous trees: as for discrete-time 
processes, in both cases we show that A™ "^Z^° \ w 

Theorem 5.11. [8, Theorem 6.1] Let P be a transition matrix of a nearest-neighbor, 
translation invariant random walk on Z. Then lim m ^ +00 X™ = 1/k = X w . 

This result immediately extends to the case of a class of more general spaces (including 
multidimensional lattices Z d ) in the following way. 

Corollary 5.12. /H, Corollary 6.1] Let us consider the BRW (Y x Z, K a ) where K a = 
a(I Y X P) + (1 — ol)(Q x I z ) and Q and P are transition matrices of a random walk on Y 
and of a translation invariant random walk on 7L d ( as in Theorem \5.11)) respectively. Then 
lim fc ^ +00 A^ = 1/k = X w . 

For a homogeneous tree the following result holds. 

Theorem 5.13. [8, Theorem 6.2] If X = is the homogeneous tree of degree d and P 
is the simple random walk on X then lim m ^ +00 A™ = 1/k = X w . 

Observe that Theorem 15.131 can be immediately extended to the cdgc-brccding BRW on 
Trf (on regular graphs, the edge-breeding BRW is a particular site-breeding BRW). In the 
edge-breeding case we have that lim m _s. +00 A^ = 1/d = X w ; on the other hand, according 
to Theorem 15.71 lim m _>. +00 A™ = l/2y/d— 1 = A s . Thus A™ < A^ eventually as m — > 00 
(pure global survival phase for truncated BRWs). In particular in [35] it was shown that 
A^j < Ag, hence we conjecture that A^ < X™ for all m G N. 

Discussing the details of the proofs goes beyond the purpose of this paper. We just 
observe that they rely on a comparison between the processes and a suitable oriented per- 
colation. Such a strategy has been introduced in [9] and widely used since then. The 
difference in our case is that the percolation is not even one-dependent and this brings some 
additional difficulties from a technical point of view (see [HI Section 4] and [42J Section 6.1]). 
Some applications and a slight generalization of these results of approximation can be found 
in [21 Theorem 3.4] and [U Theorem 1]. 
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6 Proofs 



Here we sketch the proofs of the new results. 

Proof of Proposition \2.b\ Without loss of generality we can suppose that q(x) < 1 for all 
x £ X. Indeed, given xo such that <j(xq) = 1 then for all x G M XQ we have q(x) = 1. Since 
we defined z(x) := 1 whenever q{x) = 1 we can remove these vertices obtaining a new set 
X' C X. Consider the restricted BRW on X' (obtained by killing all the particle going 
outside X'). The generating function G' of the new BRW satisfies G' ((z\x')\x) > G(z\x) 
for all x G X', hence G(z) > z implies G'{z\x') > z \x<- Moreover z satisfies the conclusions 
of the proposition if and only if z\x> = z\x' does. Thus, it is enough to prove the result for 
the BRW restricted to X'. 

We use the notation of Section [3.21 Note that z := T^~ 1 (z), thus G(z) > z is equivalent 
to G(z) > z. Hence it is enough to prove the proposition when fj, x (0) = for all x G 
X which implies q = and z = z. Suppose that M x is nonempty, z(y) < z(x) for all 
y G N x and z(yo) < z(x) for some yo G M x . Then, using the fact that z < 1 and that 
Uyex z (y) fiy) < z ( x ) if ^(/) > 1, we have that < G{z\x) < T, f eS x :f(y )=o»M>(x) + 
^feSx-f(yo)>o ^x{f)z{yo) < z(x) which is a contradiction. As for the second part, since 
z(y) < 1 = z(x) for all y G X then we have z(y) = 1 for all y G X. Finally, by induction 
we obtain the result for the set {y G X : x — > y}. □ 

Proof of Theorem \4.3[ The first part of the theorem is |42[ Theorem 4.1]. The sufficient 
condition in the second part follows easily from the first part. Clearly, it is equivalent to 
study the BRW restricted to Y := {w : x — > w — > y} which is finite. In this case q(w, w) = 1 
for all w in a finite irreducible class implies a.s. extinction in the class; if the number of 
classes is finite then q(x,y) = 1. □ 

Before proving Proposition 14. 191 and Theorem 14.201 we need two technical lemmas. 

Lemma 6.1. Let (X, fi) be a BRW and fix z,v G [0, 1} X such that z + ev G [0, l] x for some 
e > 0. Then the function t \— > G(z + vt\x) is strictly convex if and only if 

3/ : n x (f) > 0, > 2, supp(z)Usupp(7;) Dsupp(/). (6.21) 

?/€supp(u) 

Proof of Lemma \6.1[ Let us evaluate the function G on the line 1 1— > z + tv where t G [0, T) 
and T := sup{s > : z + sv G [0, 1} X }. 
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G{z + tv\x) = vM) II E ( f{v) )^y) m ' t <y) l i l 

fes x yex i=o v 1 J 

= E M/) E II ( f{ ^y) f{y) - 9{y) v{yY^ 

fes x ges x :g<fyex ^ 9[ - y) S 

= e ^(/) e n WW^^)^ 
= em/)e e n (S)^)'^^) 

/e s x i=o g€S X :H{g)=i,g<f yex V y ^/ 



The strict convexity of a power series in t with nonnegative coefficients is equivalent to the 
strict positivity of at least one coefficient corresponding to t l with i>2. Hence it is easy to 
show that each of the following assertions is equivalent to the next one and that they are 
all equivalent to the strict convexity of 1 1— > G(z + vt\x) 

1. 3f, g : U(g) > 2, / > g, fi x (f) > : supp(v) 2 supp(#), supp(z) D supp(/ - g); 

2- 3/, g : U(g) > 2, / > g, /i x (f) > : g = fi supp ( v ), supp(z) D supp(/) \ supp(t>); 

3. 3f : fj, x (f) > : E yes up P («) fiv) ^ 2 > SU PP( Z ) 3 supp(/) \ supp(v); 

4. 3/ : ^ x (/) > : £j,68upp(«) /(y) > 2, supp(z) U supp(t;) D supp(/); 

5. 3/ : ^(f) > : E, e su PP („) /GO > 2 , supp(* + v) D supp(/). 

□ 

Lemma 6.2. Lei (X,fi) be a BRW and fix xq G X. Suppose that for some x in the same 
irreducible class of xq and f G Sx we have that /%(/) > 0, Ylww=±x f( w ) — 2 - ^ e ccm ^ 
n G N such that if the process starts with one particle at xo G X then we have at least 2 
particles at xq in the generation n wpp. 

Proof of Lemma \6. 21 Consider a path xo, x\, ■ ■ ■ , x m = x and let / G Sx be such that 
Hx{f) > and Y^w.w=^x f( w ) — 2 - We can have two cases. 

(a). There exists x m+ \ G X such that x m+ \ ^ xq and f{x m+ i) > 2; in this case consider 
the closed path xo, xi, X2, ... , x m , x m+ i, . . . , x n = xq and take n := n. Since any particle 
at X{ has at least one child at Xi+i wpp and a particle at x has at least 2 children at x m+ \ 
wpp, then any particle at xq has at least 2 descendants at xo in the nth generation. Indeed, 
denote by fi G Sx such that ^ Xi (fi) > 0, fi(x i+1 ) > 1 for alH = 0, . . . n - 1 (f m being /), 
then the probability that a particle at xo has at least 2 particle at xo i n the nth generation 
is bounded from below by M/») ]l™=m+i Mj(/i) 2 - 
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(b). There exists a couple of different vertices x m +i,y m +i such that x m+ i,y m+ i ^ xo and 
f(x m+ i), f(y m +i) > 1; in this case consider the paths xo, x\, . . . x m , x m+ i, . . . , x ni = xo and 
xo,xi, . . . x m , 2/m+lj • • • ,Vn 2 = x o an d take n := GCD(ni,ri2) (the conclusion is similar as 
before). □ 



Proof of Theorem \4.20 For every z fixed point of G, we know that z > q and z < lx', 



this implies that if sup^g^ z(x) < 1 for some fixed point then necessarily sup xe ^ q(x) < 1. 
Hence, if q = 1 there is nothing to prove. Otherwise, we show that if G{z) = z and z ^ q 
then sup^gjjf z(w) = 1. Suppose that the BRW is locally isomorphic to (Y, z/) through the 
map g and define h(y) := sup^^-i/^ 2(10). Clearly h G [0, l] y and ho g > z which implies 
that Gy(/i) > /i. Indeed 

= SU P Gy{h\g{x)) = sup G(/io^|x) 
> sup G(z|x) = sup z(x) = h(y). 

If Y finite then we can choose y £Y which minimizes 

i-f(y) 



t(y) 



Kv) - i Y (y) 



(where t(y) := +oo if h(y) = q Y {y)); note that t(y) > 1 for all y G Y and t(y) < +oo. 
By applying the maximum principle (Proposition I2.6j) to the function l/t(y) (where y is 
ranging in the set {w : q Y (w) < 1}) we have that it is constant on {y : y — > y}. Since 
q Y (y) < 1 and Y is finite, then there exists yo such that y — > yo and there is local survival 
at yo starting from yo- Since (Y,v) satisfies Assumption 12.31 then there exists y ^ yo such 
that a particle living at y wpp has at least 2 children in the irreducible class of yo- Then by 
taking yo instead of xo in Lemma [6.21 we have that we can find n G N such that the function 

<t>(t) := GP(q Y + t(h - q Y )\y ) - q Y (y ) - t(h(y ) - q Y (y )) 

is strictly convex by Lemma 16.11 Indeed Gy^ is the generating function of the BRW con- 
structed by considering the n-th generations of the original BRW where n\n and, under our 
hypotheses, it satisfies equation (|6.2ip . 

Note that 4> is well defined in [0,i(yo)] since 

rt{y) := f(y) + t(h(y) - q Y {y)) < q Y (y) + t(y )(h(y) - q Y (y)) < 1 

hence r t G [0, l] y for all t G [0,t(y )]. 

Clearly every fixed point of Gy is a fixed point of Gy^; in particular, G^ n \z) = z and 
Gy (q Y ) = q Y , whence <^>(0) = and 0(1) = Gy \h\yo) — h(yo). Now, using equation (I3.13p . 
Gy\h) > h and this, in turn, implies (p(i) > 0. Since cf> is strictly convex we have that 
<f>(t) > for all t G (l,t(y )]- If t(y ) > 1 then < 0(t(y o )) = G^ ] (r t(yo) \y ) - 1 but this 
is a contradiction since r-ti yo \ G [0, l] Y and Gy\r t ^ yo ^) G [0, 1] Y . In the end i(yo) = 1, thus 
1 = %o) = sup wgX z(w). □ 
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Note that, from the previous proof, if the BRW on Y is irreducible then by the max- 
imum principle we have that (h — q Y )/(l — q Y ) is a constant function, thus h{y) = 

m l?weg- 1 (y) z ( w ) = 1 ^ or an V e Y ■ 

Proof of Proposition \4- Iffi Since (X, E^) is irreducible we have that q(x, y) = q(x, x) for all 
x,y G X and if q < 1 (resp. q(-,y) < 1) then g(x) < 1 (resp. q(x,y) < 1) for all x £ X. 
Moreover, quasi transitivity implies that if q(-,y) < 1 then sup xeX l{ x i y) < 1- Thus, 
according to Theorem 14. 20| q(-,y) / 1 implies q(-,y) = q. □ 

Proof of Theorem \4-21\ According to Section 13.21 there is strong local survival at y starting 
from x for the BRW {?? n }neN if an d only if there is a.s. local survival at y for the associated 
BRW with no death, that is, {rj n }nen conditioned on A x (global survival starting from x). 
Moreover v satisfies equation (|4.17p if and only if v-y := T7 v satisfies 



which is equation (|4.17p in the case of the associated BRW with no death. Hence it is 
enough to prove the result for the case p x (0) = for all x G X. 

For completeness, we sketch the proof of [311 Theorem 3.1]. Suppose that there exist a 
function v and a set A as in the statement of the theorem. Recall the definition of G given 
by equation (|2.9p . define Q n := Yixex V ( X ) V "^ an d ° '■= min{n G N : J^xeAVnix) > 0}, 
where {r/ n } ng N is a realization of the BRW. As usual min0 := +oo. Let Q n := Q n /\u- If 
v(x) := K[Q n+ i\r] n = 5 X ] then it is easy to show that v = G(v). Using the same arguments 
as in |3H Theorem 3.1] we can show that {Q n } n gN is a nonnegative supermartingale, 
hence there exists Qoo := liuin^^ Q n in L 1 and almost surely. Clearly E[Qoo] > E[Qo]- If 
Vo := fixo where xo A satisfies the hypotheses of Theorem 14.211 and if there were strong 
local survival then at least one particle would hit A a.s., thus Qoo < niax xg Af(x) < v(xq) 
which is a contradiction. This yields the first part of the proof. 

Assume now that there is no strong local survival. Fix x G X and A := {x}. Define 
v(x) := qo(x,A), the probability of never hitting A starting from x. Since the BRW is 
irreducible, then there is no strong local survival if and only if v(x) > for some x. Clearly 
v(x) = < v(xq) for some xq A and 



Proof of Theorem \4-23\ The proof is essentially the same as in [61 Section 3.3]. We just 
sketch the main steps. Let Y be the finite set onto which X can be mapped by definition 
of J-~-BRW. Instead of the operators iV and iV we use M/(x) := Ylw&x m xwf(w) (for all 
x G X) and Mf(y) := Y. w eY™ywf{w) (for all y G Y) where m xw = m xw and rh yw = 
rriy W . These are well-defined, bounded, linear operators from l 2 (X) and l 2 (Y) into itself 
respectively. One can prove that ||M|| = p(M) = M s where p{M) is the spectral radius 
of the operator (this can be done as in [6j Lemma 3.3] and |38} Lemma 2.2]). Similarly 
||M|| = p(M) = M s = M w = M w (here we use the finiteness of Y). 




v(x) 



E Px(9)Uv( y y^ <G(v\x), Vx/x 



g£S x :g{x)=0 yeX 



and the theorem is proved. 



□ 
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Moreover, it can be shown that for nonamenable BRWs there exists c > such that, for 
all / £ 1 2 {X), 



D(2) > C||/|| 2 , 

where the Dirichlet norm is defined as 

,x,y£X 



D(2) 



The proof of this inequality is analogous to the one of [38^ Theorem 2.6], the only difference 
being the presence of m xy which can be easily dealt with. 

The rest of the proof is the same as Theorem 3.6] using the term YlxeS y&s c mx v 
instead of \&eS\ and using the graph G 2 induced by M 2 . □ 

Proof of Theorem \4-29[ Note that K(x)k x 7 y = K(y)ky£ for all x,y G X, n G N. Moreover, 
by the Cauchy-Schwartz inequality, for all n G N, 

K s (xQ,XQ) 2n > ^xjx = ^2 ^xoy^yxo = ^2 ^x^-^ 2 — > 



Hence 



(n) V ^ uy / 

K w {x ) = liminf J\ k Xo ' y = liminf \ — — y — < K a (xo,x ). 



□ 



Proof of Proposition ^- 3 3\ (1) and (^J follow easily from Theorems 14. 3f 1) and I4,9f 2). As 
for (3), we note that m^ n ^(x,y) = p n p i ' n \x,y) and that the generating function <I> defined 
in Section [231 satisfies $>(x,y\t) = F(x,y\tp). Thus, $>(x,x\l) > 1, which is equivalent to 
local survival at x, is equivalent to F(x, x\p) > 1. □ 

Proof of Lemma [4-34\ Clearly JlieN^ ~~ a %) ki > if and only if ^ieN ^ l°g(l ~~ a i) > ~~ °°- 
Observe that log(l — x) < —x for all x < 1 hence 

If ai G [0, 1) and fcj > 1 eventually as i — > oo then there is no loss of generality by 
assuming that G [0, 1) and ki > 1 for all i. In this case, since fcj > 1 both sides imply 
ai — > 0. Thus log(l — Qj) ~ — ai and 



□ 



oo 
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Proof of Theorem \4.37\ Since \x satisfies equation (12, 4p then G(z\x) = Yl^o Px(n)(Pz(x)) n 
where Pz(x) = YlyeX P( x > v) z {v)- O n the other hand, p x = p for all x G X, thus q(x) = q for 
all x £ X where q is the smallest fixed point in [0, 1] of 1 1— > G(tl\x) = X^nLo P( n )t n =: ^(0- 
Clearly, any fixed point z of G must satisfy the inequality z(x) > q(x) = q. Since F(t) < t 
for all t € (g, 1) then 

= G(z|x) = F{Pz{x)) < Pz{x), 

hence z is a bounded subharmonic function. It is well known that the existence of non- 
constant subharmonic functions which are bounded from above is equivalent to transience, 
thus, in the recurrent case we have necessarily z = tl which implies that t = F(t) and 
t € {q, 1}. Suppose that q < 1, since the random walk is recurrent, then qo(-,A) < ql (for 
all A C X), hence by Remark 14.11 g(-.A) = ql which is equivalent to strong local survival 
in A. □ 
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